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ABSTRACT. We consider a hyperbolic differential operator P = ag (;E)28t2 — A with
variable principal term. We first give a condition for the pseudoconvexity which yields
a Carleman estimate. Our condition implies that level sets generated by the weight
function in the Carleman estimate, is convex with respect to the set of rays given
by ao(x), and gives a more general explicit condition of ag for the pseudoconvexity.
Second we apply the Carleman estimate to an inverse problem of determining ag by
Cauchy data on a lateral boundary with relaxed constraints on ag.

¢1. Introduction.

We consider a hyperbolic differential operator
(1.1) (Pu)(z,t) = ag(x)?0u(x, t) — Au(z, t), reR" teR,

where ag > 0 is a real-valued smooth function, z = (z1,...,z,) € R", 0, = %,
_ 0 . _ N 92
One of the fundamental problems is the uniqueness in the initial value problem
for the equation Pu = 0 or the unique continuation. For these purposes, a basic

tool is a Carleman estimate, and for general theories, we refer to Hérmander [5],
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Imanuvilov [6], Isakov [13] - [15], for example. According to Isakov [13] - [15], we
will state a sufficient condition for a relevant Carleman estimate. Let us define the

principal symbol P, (z,t,{) b

Pp(2,t,¢) = —ao(x)?2yq + chz
=1

(1.2) 2 ER" teR, (= ((1y.oy Cuyr) € CMHL
We set
= Tn+1, anJrl = 8757 Vl = (817 -~~,an)7 V= (817 "'78717675)'

Let @ C R™ x R be a domain and let ¢ € C?(Q) satisfy Vi # 0 on Q. Then

Theorem A. (Isakov [13]). Let K C @ be an arbitrarily fixed bounded domain.

We assume

n+1

oP,, 0P, _ 0
(1.3) Z (8]6kg0 (9( 90 Zs Yim (6k GCk) >0

1<j,k<n+1

if (x,7,11) € Q and
(=¢+V-1sVy, Pu(z,7p41,() =0, s#0 or
(1.4)

n+1 8Pm 7
2. Tgé)akw =0, Pn(@,2n41,6) =0, €= (€1, 6ns1) €R™T\ {0},
k=1

Then there exist constants so > 0 and C' > 0 such that

(1.5) s/ |Vu|2e23“"da:dxn+1+s?’/ u?
Q

e*Pdxdr, 1 < C’/ |Pu|*e**?dxdx,
Q Q

for s > sg and u € H3(K).

Here and henceforth, for a € C, Im a and Re « denote the imaginary part and

the real part respectively, and @& is the complex conjugate.
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An estimate of form (1.5) is called a Carleman estimate with the weight function
¢, by which we can establish the unique continuation or stability in the Cauchy
problem (e.g., Isakov [13] - [15]), observability inequalites (e.g., Cheng, Isakov,
Yamamoto and Zhou [4], Kazemi and Klibanov [17], Lasiecka and Triggiani [20],
Tataru [24]) and inverse problems (e.g., Bukhgeim [2], Bukhgeim and Klibanov
[3], Imanuvilov, Isakov and Yamamoto [7], Imanuvilov and Yamamoto [8] - [11],
Isakov [12], [13], Isakov and Yamamoto [16], Khaidarov [18], Klibanov [19], Ya-
mamoto [25]). By the inverse problem, we mean the determination of ag(z) by
overdetermining data of uw on dQ). Thus it is seriously important to find a weight
function ¢ satisfying (1.3) under condition (1.4). However the existing searches for
¢ are restricted and as ¢, one mainly takes |z — 2|2 — 8% or eM|#=20I"=8t") where
20 € R", > 0 and A > 0 are parameters, and after such a fixed choice of ¢, we
have to assume conditions on ag in order that condition (1.3) is satisfied. That is,

the following is known:

Proposition B. Let us set D = {x;(z,t) € Q for somet € R} and let ag €

C?(D) satisty ag > 0 on D and there exists z° € R™ \ D such that
(1.6) (V'logao(z) - (x —2°)) > —1

for any x € D. If we set

(1.7) o(z,t) = Mlz=zol*=p%)

with sufficiently large A > 0 and small 3 > 0, then (1.4) implies (1.3). In particular,

Carleman estimate (1.5) holds.

Here and henceforth (¢ - ¢’) denotes the scalar product in R™ or R™*!. For the

proof, it suffices to verity that (1.7) satisfies (1.3) under assumption (1.6), and see
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Imanuvilov and Yamamoto [10] for example. Condition (1.6) is restrictive, and
we have to limit unknown coefficients to a class meeting (1.6) when we consider
the inverse problem of determining ag. We note that condition (1.6) is merely one
sufficient condition for (1.5). In other words, even if ag does not satisfy (1.6), other
choice of ¢ may be able to satisfy (1.3).

The main purpose of this paper is to propose more flexible choices of ¢ in The-
orem A to relax constraint (1.6) for the principal term. Next we will apply such a
Carleman estimate to the inverse problem of determining a principal term within
a more general class.

As related papers, for a more general hyperbolic operator 8,52—22 w1 O05(ajr(x)0k),
Lasiecka, Triggiani and Yao [21] and Yao [26] introduce the weight function of the

form

(1.8) p(,t) = d(z) — pt*

where d is strictly convex with respect to the Riemann metric derived by the elliptic
part, and establish an inequality of Carleman’s type. In our case of a;i(z) =
§ikao(z) ™2 where §;, = 1if j = k and = 0 if j # k, we can verify that d is strictly
convex with respect to the Riemann metric if and only if the following n x n matrix

(mjk)1<j,k<n is positive definite in the domain under consideration:

mir = 838kd - 2a51(8ja0)8kd

+ag Y (9ed){0;(6exao) + 0e(Sjxa0) — Ok (Jj0a0)}-
/=1

In [21], the second large parameter A > 0 is not considered unlike (1.7) and such a

parameter is generally useful for guaranteeing the relevant convexity (e.g., Isakov



REALIZATION OF FSEUDOCONVEALLY o
[15]). In particular, we below require some convexity (1.9) of d with respect to the
rays in choosing eM4®) =A%) ag a weight function, not d(x) — #t2. In [21] and [26],
the inequality of Carleman’s type yields observability inequalites with a generous
condition on the principal term, but their inequality includes some extra lower order
term, so that it is not directly applicable to our inverse problem. As for weight
functions with factor d(z) — t2, see further Isakov and Yamamoto [16], Lasiecka,
Triggiani and Zhang [22].

Now we state our new realization for the pseudoconvexity. Let @ C R™*! and
K C @ be an arbitrarily fixed bounded domain, and let us set Q = {z;(z,t) €

K for some t € R}.

Theorem 1. We assume that ag > 0 on Q and ay € C?(Q). For some costant

g0 > 0, we suppose that d € C?(Q) satisfies

n

(1.9) > (0;0kd)Ei8k + (V'd - V' logag) > &g

7,k=1

forx € Q, &1,...,&, € R with &2+ -+ |€,]2 =1, and

(1.10) V'd|#0  on Q.
We set
(1.11) Y(z,t) = d(z) — Bt2, o =M@,

Then there exist constants 3y > 0 and \g > 0 such that if 0 < 3 < By and A > g,
then for ¢, condition (1.4) implies (1.3). In particular, Carleman estimate (1.5)

holds.

From Theorem 1, we directly derive
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Corollary. Let an n x n matrix (0;0xa0(2))1<;,k<n be non-negative definite for
x € Q and let |V'ag| # 0 on Q. be true. Then Carleman estimate (1.5) holds true

with the weight function o = a0 (@)=6t%)

The proof of Theorem 1 is given in Section 2, which is straightforward on the
basis of Theorem A.

Our condition (1.9) for the Carleman estimate can be interpreted in terms of
the ray, so that condition (1.9) is natural although technical apparently. For the
interpretation of (1.9), we define the ray (e.g., Chapter 3 in Romanov [23]). Let
us consider the three dimensional case and let L(x,2°) denote an arbitrary smooth
curve connecting x, z° € R3 and ds be an element of the arc length of L(z,z°).

Then a ray I'(z,2°) is defined as L attaining an extremal of the functional of L:

/ apdzx.
L(z,z0)

Note that ay 1 corresponds to the wave speed and that the ray is not necessarily
determined uniquely for given x and z°. Then (1.9) is interpreted that each surface
d(x) = C for any constant C' is convex with respect to the set of rays, and, under
some conditions on a smooth real-valued function d, we know the following fact:

Let us assume that (1.9) holds for any &' = (&1,&2,&3) € R satisfying |€/| = 1
and £ -V'd = 0. Then any ray touching the surface {x;d(x) = C}, belongs to the
domain {z;d(x) > C} at any other point.

As for the details, see Chapter 3 in Romanov [23]. Intuitively we can understand
that rays remaining on a surface prevent us from detecting interior information of
solutions inside the domain, so that if such remaining rays exist, then the property of

unique continuation may be very complicated. Since the Carleman estimate implies
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the unique continuation (e.g., Hérmander [5], Isakov [15]), the above fact suggests
that our condition (1.9) is reasonable for proving the Carleman estimate. However
we do not know whether (1.9) is a necessary condition for Carleman estimates.

We note that if in (1.9), we set d(z) = |z — 2°|?, then (1.9) is rewritten as

(V'logag(z) - (x —2°)) > -1+ %0 > —1

which implies (1.6). Therefore condition (1.6) is a special case of (1.9) with a fixed

choice d(z) = |z — 2°]2.

Remark. Our theorem really generalizes condition (1.6) in Proposition B. Let us

set

9 2 —
Q:{xeR”; 1—O<]:C\<1}, ao(x)zl—g\a:IQ, x €.

Then (1.6) can not be satisfied for any 2° € R™. In fact, (1.6) is equivalent to

4|z)? — 4(z - 29) ) 9
1.12 <1 ify/ = <l|g| <1.
(1.12) 3 — 2[z]2 ity = lel =

For any z° € R”, we can choose 2! € Q such that (z'-2°) = 0 and |
Yy

1 10
| = /11

for example, which breaks condition (1.12). However if we take d(x) = —|x|? for

z € O, then (1.9) holds trues: [the left hand side of (1.9)] = —2 + -22L > 4 if

3—2|z|?
\/1% < |z| < 1.

§2. Proof of Theorem 1.

It suffices to verify the assumptions in Theorem A. We denote the left hand side of

(1.3) by H(x, zp+1,¢). Henceforth we set ' = ({3, ..., () and &' = (&3, ..., &y ). Since

Ge =2 for 1< j < n, g = —2a3Cat1, OpPn = —2a0(0ka0)Gryy, LSk <

and Op,11 P, = 0, dividing Zﬁ;l into D27, 1, D5 [the terms with k = n + 1],
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> r_ [the terms with j = n 4 1] and the term with j = k = n + 1, we can directly

calculate to obtain

n

H(z,n11,C) = Y 4¢;G0;0np — 4a02<n+1<k+cn+1ck>< On41010)

7,k=1

+4a3(0; 4 190) |G | — %I [(Z(@c%)?k) iy

k=1

(2.1)
=H,+ Hy + Hs + Hy.

On the other hand, by ¢ = e*?, 0 = A0jv)p, etc. and (; = & + vV —150;¢p, we

see that (1.4) holds if and only if

(2.2) (€ - V') = —28tadén 1
and
(23 €2 = sV plRe? = aBe2, — 452X a3,

Moreover we have

Hy(z,2041,C) = 4N20(& - V') 4 452 A1 |V |t

HAAp Y (0;000)EkEs +45*A3GP D (9;060)(05) (Okt)),

7,k=1 7,k=1

Hy(z,2n41,C) = —8‘10 o( n+1¢)fn+1(v¢ f)—8a0 ( n+1¢) v ¢|2

H3(z,2n41,C) = 4“0)\290§n+1 {(3n+1¢) + 82+1¢}

+4a§s2)\4gp3{( On10)* + ( 1) ( n+1¢>}
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and
Ha(r, 2041, C) = — I | 32 (3kao) (6 — v TsA@k))
k=1
){&ni1 = 8N (On119)°9* + 2V =1Ap(On119)En 1}

n

=4aohp(V'ag - V'P)Re (C711) — BaoAp( n+1¢) (Okao)(Re (k) (Re Cny1)
=1

=4ao p(V'ag - V'9) (& 11 — 872 (0n119)%¢?) — SGOASO(V ao - €')(On+19)&n+1-
Therefore, by 0,411 = —20t and (2.2), we have

H(z,n41,0) = {w 3 (00k)€56k + 16aiN 07122

7,k=1

+HASN QP VY + 4570\ Y (3j3k¢)(3j¢)(3k¢)}

4, k=1
—{320N20B22€2 1 + 32a3N1% 2022 V' [}

2 8
+ {4% (452752 f) 2 1 +dags*ate? (165%4 — Xﬁ3t2> }

+{4aoho(V'ag - V')E2 1 — 16agA>s*0° 322 (V'ag - V'9)
(2.4)
+16a0)\g0ﬁt(V'a0 : £,)€n+1}.

Noting the forms of Hy, Hs, Hs, Hy, we see that H is homogeneous in (. Therefore

we can assume that || = 1, that is,
(2.5) €17 + &npy + PN VY P = 1.
In particular,

(2.6) €2+ & <1
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Moreover (2.2), (2.3) and (2.5) yield

( 2 a% 52)‘2902 2 12,2 2 2 2
/ /
’5’ = 1+ a2 - 1+ a2 (4a0ﬁ t +a0’V¢’ - ‘V ¢‘ )
0 0
ag

1+ a?

+ s 9% (1),

(2.7)
2 1 32)‘2902 2 12,2 2 12
|£n+1‘ = 1+a2 + 1+a2 (4CLOB i —‘VQ/}‘ - ‘V ¢| )
0 0
1

= + 52 %p%es(x,1).
([ 1+aj

Henceforth we set & = inf,cq 4|V'¢|*, T = sup(, yex [t|. Then, by (1.10), we see
that € > 0. Henceforth C' > 0 denotes generic constants depending only on @, K,

laollc1 @)+ ¥, but independent of s, A. Let us assume
(2.8) 0<pB<1, A>1 +/BT<1, AN*T?<1.

Applying (2.6) and (2.8) in (2.4) and noting that [(V'ag-&")&n11] < WIT%'(\E’\Q—F

£2.4), we have

H(z,2p41,C) 2 {4)\90 Z (6j6k¢>fjfk + 400)\90(V/00 ) Vlw) 721+1

j,k=1
—16ag\* B2t — 4ag \*p|4%t* — 2071 6] — 8a0)\g0ﬁ\t||V’ao\}
+{482)\4903‘V/¢‘4 —As2GPN | Y (0;000))(054) Okt
j,k=1
—32a2 M 352 3212 VY| — dagsi A3 (16842 4+ 81 33t%)
—16aoA3s2¢3ﬁ2t2\V’ao\|V’w|}

>ANp QY (9;060)Ei8k + ao(V'ag - V)&, — CAB— C\/B

Jk=1

+{s*\p3e — Cs?X3p> — Os2\ 3212,
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Moreover substitution of (2.7) into (2.9), yields

H(QT7 Tn+1, C)
4 pa’ - 1+ a?
21 e | (VVlosao- V) + 3 (0,060)66— gz — CAS = VB

j.k=1
(2.10)
+452X3p3ages (V'ag - V') + s2A1p3 (e — CAT1 — CP).

First let us assume [¢'| = 0. Then, by (2.2), we obtain

(2.11) t=0 or & =0,

Let ¢ = 0. Then (2.3) yields —s*X*|V'9|¢? = a§&2, . Since |V'4p| # 0, we obtain
s =0 and &,4+1 = 0. This contradicts (2.5). Therefore we have &,1; = 0 and ¢ # 0.

Then (2.5) implies s?A?¢?|V4|? = 1, and so

1
2.12 s2\%p? =
212 N

by |V)| # 0 on Q. Consequently, substituting |¢'| = &,41 = 0 and (2.12) into (2.9),

we obtain

1
V|2

— C)\goi — C\2pp

H(x,2n11,C) > eX?
(@ Tnt1,) 2 € R

1
e
—CNBp — C\/BAp

>CNp(1—CAX ™= CB —CVBATY.
We choose sufficiently large A > 0 and sufficiently small § € (0,1) such that
(2.13) 1—CX =B —-CVBAL>0.

After choosing (2.13), we see that H(z,x,41,¢) > 0 if [£'| = 0.
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Second let us assume [£'| # 0. Then (2.7) and (2.10) yield

n

(V'logag - V'§) + > (9;0k)) %

Jik=1

5] gk

4 pa’
H(z,2p41,¢) >
(& Zn1, ) '] 1¢']

~1+add
- & &k $2)2 231(1+a0)
+ (0,;011)) 2L 2252 N2 —CN\-C
2 (g 2 Ve
—Cs*X3¢® + 2 MNP (e — A1 — CP).

Consequently (1.9) implies

A pa?
“1l+a

H(z, xpi1,¢) > ( g0 — CA3 — CV/B) + s* MNP (e — AL = Cp).

Here we have used

n

Y (00) 5 Sk QAQ@QLW < Os?A%% )y [0;009).

/ /
P EE a3 P

We further take sufficiently large A > 0 and sufficiently small 5 > 0 such that
(2.14) c0—CAB—C\/B3>0, e—CAX'—CB>0.

Hence if A > 0 and g > 0 satisfy (2.8), (2.13) and (2.14), then we see that
H(x,7p11,¢) > 0if (x,2,41) € Q and (x, 2,41, () satisfies (1.4). Thus by Theorem

A, the proof of Theorem 1 is complete.

§3. Application to an inverse problem of determining principal terms.

Let Q C R™ be a bounded domain with C?- boundary 09 and let us consider
(3.1) (Pyu)(z,t) = (ap(2)?0? — A)u(z,t), k=0,1,2€Q,tcR,

where aj, > 0 on Q and a;, € C%(2). We discuss
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Uniqueness in Inverse Problem. Let S C 0€) be given and let uy, satisfy Prux =
0in Q x (=T,T), k=0,1. Then can we conclude that ag = a; in some subdomain
Qo by

UO(:U?O) :ul(ill‘,O), atUO(xvo) :atul(xvo)a erO?
(3'2) Odug . ouq

up =up, 5= on Sx (=T,T)7
Here and henceforth, v = v(z) is the unit outward normal vector to 02 at z and
% denotes the normal derivative: % =V'u-v.

In this kind of inverse problems, unknown coefficients appear in principal terms
and for the Carleman estimate which is the key, we have to assume conditions of
type (1.6) in Imanuvilov, Isakov and Yamamoto [7], Imanuvilov and Yamamoto [10],
[11], Isakov [13]. Condition (1.6) definitely restricts an admissible set of unknown
coefficients and the relaxation of the condition for the Carleman estimate is very
desirable. As generalization of the condition, see also Bellassoued [1].

In this section, for simplicity, we mainly discuss the uniqueness in determining
a1(r) around a given ag(z). For known ag, we assume that there exists d € C?(Q)
satisfying (1.9) and (1.10) for z € Q, &' = (&1, ...,&,) € R™ with |¢/] = 1. We set

Y(z,t) = d(x) — ft? and p(z,t) = M@ where § > 0 and A > 0 are defined in

Theorem 1.
We set
Q(6) = {(z,t) € A x (=T, T);¢(x,t) > 6},
(3.3) Q(0) = {x € Q;¢(x,0) > §}.

Now we are ready to state the main result on the uniqueness.
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Theorem 2. Let S C 0f) satisfy

(3.4) 0(0)  (QUS) x (~T,T),

and let uy, € C2(Q2 x [-T,T)), k = 0,1, satisty dyu € C?(Q x [-T,T)),

(3.5) Poup =0  inQx (=T,T),
(3.6) uo(z,0) = ui(x,0), Opug(z,0) = dui(z,0), x € Q(0),
and
. 8u0 . 8u1
(37) Ug = Uy, E = E on S x (—T, T)

Moreover let

(3.8) Aug(z,0) > 0, x € Q(0).
Then
(3.9) ap(z) = ay(x), z € Q(0).

This theorem asserts the uniqueness which holds in some subdomain under con-
dition (3.8) assumed in the same subdomain. If we take 00 as S and assume

Aug(z,0) > 0 for z € Q, then we will be able to conclude the global uniqueness:

ao(z) = ay(z) for z € O under an extra condition Q(0) = . Moreover within a suit-

able admissible set of ax’s, we can prove the conditional stability which estimates

ap — a; by means of up — u; and % — % on S x (=T,T).
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Proof. Now that we have established a Carleman estimate in Theorem 1, the proof

is done along the line of Imanuvilov and Yamamoto [8]. The difference y = uq — ug

satisfies
(3.10) Pyy = R(z,t)f(z) in Qx (-71,T),
(3.11) y(z,0) = Opy(z,0) =0, x € Q(0),
and
(3.12) —@—0 on S x (=T,T)
) ¥= ov T
Here we set
(313)  f(2) =ad(z) — a3(x), R(,1) = 0Fur(e,t) = ——Aus (z,1),

af(x)
for z € Q and t € (=T, T). We arbitrarily fix a sufficiently small § > 0.
For application of the Carleman estimate, we have to introduce a cutoff function

X € C§°(Q(0)) such that 0 < x <1 and

)
(319 o ={ 0. (2.1) € Q(5)\ QD).
We set
(3.15) z = (Ow)e*¥x € C*(Q x [-T,T)).

Then, by (3.10), we have

Pyz = f(O:R)e**x + s(—2(V'¢p - V'z) + 2a3(940) 02 + (Poy)z)

—s*(ad|0ppl” — [V'¢]?)2
(3.16)
+2e°?(ag(07y)0rx — (V'(Ory) - VX)) + (9y)e** Pox  in Q(0).
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In fact,

9;z = (9;0uy)e**x + 5(0;0)z + (Dry)e** 05X,
and
(3.17) (0;0iy)e*?x = 0;2 — s(0;0)z — (Ory)e* 0, x.

Hence, by (3.17), we see
07z = (970yy)e*? x + (0;01)5(9j0)e* x + 2(9;0iy)e** (9;x) + 5(05 p)z + 5(8;) 052
+(0ey)s(0;0)e*?Dix + (Bry)e* P07 x
=(870y)e*?x + 5(0;9){052 — s(0;0)2 — (Ory)e**9;x}
+5(070)z + 5(0;0)0;2 + 2(0;0,9)e>? (9;x) + (Ory)s(8;0)e*?D;x + (Dry)e** 9% x
=(070py)e*?x + 25(0;9)0;z + s(97p)z — 5°(9j0)*z
+2(0;0y)e* 20X + (D) 2.
Substitution into (a§d2,,; — A)z yields (3.16).
Moreover, setting w = (8yy)x, we obtain
Pow = f(9:R)x + 2a3(87y)dix — 2(V'(9ry) - V'X)
(3.18) +(0wy)Pox in Q(0).
From (3.3) and (3.4), it follows that Q(0) is a bounded domain and 9Q(d) C

(S x (=T,T))UQ(0). Therefore w € H3(Q(J)) by (3.12) and (3.14), so that we

can apply Theorem 1 to w in Q(4):
/ (s3w? + s|Vw|?)e**?dzdt < C f210: R|*xe**? dxdt
Q%) Q(3)
+C/ 12a5(07y)0ex — 2(V'(4y) - V'x) + (9py) Pox|*e**#dzdt
Q%)
(3.19)

<C 222 dadt + Ce®*?
Q(9)



REALIZATION OF PORUDOCOUNVEREXALLY 17

for all sufficiently large s > 0. At the last inequality, we have used

(3.20) Ox = |V'x| = Pox =0 in Q(35) U(Q(0) \ Q(20)),

which follows from (3.14), and e?*? < €69 in Q(26)\ Q(39). Noting that z = we*?,

we can rewrite (3.19) in terms of z:
(3.21) / (832 + s|Vz|*)dzdt < C/ FAx2e* P dxdt + Ceb°
Q%) Q%)

for sufficiently large s > 0.

We set Q_ = {(z,t) € Q(J);t < 0}. We multiply (3.16) by 0;z and integrate

over () _:

I E/ (Poz)0¢zdxdt = f(O:R)e*? xOrzdzdt
_ Q-

+/ s(=2(V'p - V'2) + 2a2(0:0)0, 2 + (Pop)2) 0y zdadt

—32/ (ag|0sp|* — |V p|?) 20 zdadt

(3.22)
+/ {2a2(0%y) 0 x — 2(V'(Ovy) - V') + (04y) Pox }e5? Orzdadt = Is.

By (3.12) and (3.14), we integrate I; by parts:

L= / (a2(022)0,2 — (A2)0,2)dwdt — /

{18,5(|8tz|2a(2)) + 1at(|v’z\2)} dxdt
) o 12 2

1
:/ —(fatz\za% + ]V/z]2)1/n+1d:1;
Q(5)N{t=0} 2

where v,11 is the (n + 1)-component of the unit outward normal vector to 0Q_.
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Hence (3.8), (3.10), (3.11) and (3.15) imply

1

h=s /Q @)@ 0 a} e

1

L e e 0P 0y
Q(6)

1/ 2 |AU1(9570)|2 2 2 0
— fo(x)—5———x"(z,0)e s5¢(2,0) 7.
2 Jowy? P @@l ¥ @O

(3.23) >Ch @) x> (x,0)e25° @0 g,
Q(8)

For I, we use Schwarz’s inequality and (3.20), (3.21) to obtain
(3.24) L<C / FAxe**Pdadt + Ceb°

Q(3)
for all large s > 0. Consequently (3.23) and (3.24) yield

@) 3 (2, 0)e2°@0qz < © FAx2e®Pdadt + Ceb*°
Q(9) Q%)

for all large s > 0. Noting (3.14) and €2%¢ < €5%% in Q(4) \ Q(39), we obtain

/ A x)x3(z,0)e25°@0qz < C </ —I—/ ) fAx2e**dadt
Q(34) QRON\Q(39)  JQ(39)

5
+Ceb%°,
so that

(3.25) / FHx)e?5e @0 gy < C/ fre? P dxdt + Ce®%
Q(36) Q(39)

for all large s > 0.
On the other hand, by (3.3) and ¢(z,0) > ¢(z,t), we see that Q(35) C ©(39) x

(=T,T). Hence,

T
/ fre®Pdedt < / / 2@ qr | £2(x)da
Q(35) Q(36) \/-T
T
_ / F2(z)e2¢(@0) / 2500 =020 gt | g,
Q(396) =T
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Recalling form (1.11) of ¢ and applying the Lebesgue theorem, we have

T
/ (25(0(,0)—p(2.0)) gy

T
/ eXp(QSe)‘d(x)(e_)‘ﬁtQ —1))dt
-7

-T

sup
e

= sup
e

T
S/ exp(28(3>‘d°(e*wi52 —1))dt = o(1),
-7

where dy = inf,cq d(z), as s — oo. Therefore
/ fre?*Pdxdt = 0(1)/ f2(:v)e23“"(m’o)d:1:,
Q(34)

Q(36)

with which inequality (3.25) yields
(1-— 0(1))/ A (x)e??@0) gz < Ceb°
Q(35)
as s — 00. Hence

(1 —o0(1))ed*° /9(45) A(z)dx < Ce®,

so that

/ fA(x)dx < Ce™2°
Q(45)

as s — oo. Consequently, by letting s — oo, we see that f(z) = 0 in Q(49).
Since § > 0 is arbitrary, we have f(x) = a3(x) — a?(z) = 0, x € Q(0). Thus the

proof of Theorem 2 is complete.
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