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AND ITS APPLICATIONS

SUSUMU YAMAZAKI

ABSTRACT. For systems of holomorphic linear differential equation with regular singu-
larities in the sense of Kashiwara-Oshima, it is obtained that the bound to microsupport
of the solution complex of the formal cohomology associated with constructible sheaf
due to Kashiwara-Schapira. As applications, hyperbolic Cauchy and boundary value

problems are considered for Whitney functions.

INTRODUCTION.

In algebraic analysis, a system of holomorphic linear differential equations on a complex
manifold X is nothing but a (left) coherent Module .# over the Ring Zy of holomorphic
linear differential operators (in this paper, we shall write Module or Ring with capital
letters, instead of sheaf of modules or sheaf of rings). Let F' be a complex of sheaves on X
with R-constructible cohomologies (we fix the field C of complex numbers as a base ring).
Then the complex of generalized functions associated with F' is given by R‘%ﬂ”m(cx (F,0y),
and corresponding solution sheaf complex is RAom, (M, RHAwmc (F,0x)). Let us
denote by SS(F') the microsupport of F' due to Kashiwara-Schapira (see [K-S2]). Then it
is known that

SS(RHAvmy (M, RHome (F,Ox))) C char(4)+SS(F)"

(see §1 for the notation) and various results can be obtained from this estimate. Next, we
replace R om¢ (F, Ox) by THom(F, O) of the moderate cohomology or F ® O of the
formal cohomology ([K-S 3]). Then, the estimate above does not hold in general. However
in a recent paper [MF-K-S], Monteiro Fernandes-Kashiwara-Schapira showed that if .#
has regular singularities along a regular involutory complex subbundle V' of T*X in the
sense of Kashiwara-Oshima [K-O], then it follows that

SS(RHAomy (M, THon(F, Oy))) CV +SS(F)".
In this paper, we shall show that by the same methods and conditions as in [MF-K-S]
SS(RHom, (M. F & 0y)) CVTSS(F)

holds. Moreover as applications, we shall show unique solvability theorems for Cauchy and

boundary value problems for Whitney functions under a kind of hyperbolicity condition.
2000 Mathematics Subject Classification. Primary 35A27; Secondary 32C38, 35G15.
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We remark that the results in this paper may be generalized by the theory of ind-sheaves
recently developed by Kashiwara-Schapira (cf. [K-S4]).

1. REVIEW AND PRELIMINARIES.

In this section, we shall fix the notation and recall results used in later sections. General
references are made to Kashiwara-Schapira [K-S 2].

We denote by Z, R and C the sets of integers, of real numbers and of complex numbers
respectively. Further we set N:={n € Z;n > 1} C Ny :=NU{0}, R, :={teR;t >
0} CRyy:={t €R;t >0} and C* :=C\ {0}.

For a topological space S and a subset A C S, we denote by Cl A and Int A the closure
and interior of A respectively.

In this paper, all the manifold are assumed to be paracompact. If 7: F — Z is a
vector bundle over a manifold Z, then we set £ := E\ Z (the zero-section removed) and
T = T‘E. Let m: £* — Z be a dual bundle to E. We set

Pt ={(v,¢ €E x E*; (v,€) > 0}.

Let p/ : P* — E and pj : P* — E* be the canonical projections. We denote by DH§>O(E)
the full subcategory of D”(E) := D"(Cj) consisting of conic objects. Then the following
proposition is used to define boundary value morphisms:

1.1. Proposition ([Ud, Corollary A.2], [S-K-K, Chapter I]). For any F' € Ob DH§>O(E),
there exists the following distinguished triangle:

F — 7' RnF — Rp{,py' F" RN
Here F™ denotes the Fourier-Sato transform of F.

Let X be a complex manifold, 7: TX — X and 7: T*"X — X the tangent and the
cotangent bundles respectively. For conic subsets A, B C T*X, we set:

A+ B:={(z¢+G) eT"X; (2¢) € A, (5,G) € B},
A= {(%() e T"X; (2, —¢) € A},

A% = () {(zv) € TX; Re(v,() > 0}.
(z:0)eA

Here (-, -): T,X x Ty X — C is the inner product. For conic subsets A, B C TX, we
shall define A+ B, A* C TX and A° C T*X as same manners.

Normal and Conormal Bundles. Let M be a closed real analytic submanifold of X,
Ty Ty X — X and 7, Ty, X — X the normal and the conormal bundles to M in X
respectively. Let (z) = (2/,2”) be local coordinates of X such that M is given by z” = 0.
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We also use (z’;2”) as local coordinates of T, X. Let (z;&) be local coordinates of T*X

associated with (x). Then the Hamiltonian isomorphism induces isomorphisms:

T"TyX —=——T"Ty X —=— T xT"X
(1.1) w w W
(x/7 x//;é-/’ 5//) — (x/7 §II;£/7 _x//) - (‘/I/‘/’g//;x//’ /)‘
We obtain a natural embedding "M — Tp. xT*X by:
(1.2) T"M > (25¢) — (27,0;0,¢) € Tpe xT7X.

For a subset S C X, we denote by C,,(S) the normal cone which is a closed conic
subset of T, X given as follows: (x(;xg) € C),(S) if and only if there exists a sequence
{(xl,, 2l c,) b hen €S X Ry such that

n»*n)n

(1.3) (. a2) = (25,0), e, — ai,

n»*'n

Let i: M < X be the natural embedding and A C T*X a conic subset. Then by (1.2)
we set i#(A) == T*M N Cr: x(A) € T*M. Note that (x(;&) € i*(A) if and only if there
exists a sequence {(x,, ;& &0) }en C A such that

(1.4) (@, 203 §0) = (20, 0:&), o] €] — 0.
Diagonal Embedding Case. We denote by A C X x X the diagonal set and identify
with X. Further, we identify TX with T,(X x X) by the first projection. Similarly,

TT*X is identified with T+ (xxx)T™(X x X). Let (z,7) be local coordinates of X x X.
Then X = A is defined by y :==x — 2 = 0:

(1.5) X={(v,y);y=0} CX x X ={(v,y)}.

Let (z,y;&,m) be local coordinates of T*(X x X) associated with (z,y). Then isomor-

phisms of (1.1) are read as

"X —=~ T X —=~—TT7T"X
(1.6) W W w
(ZE,y75,77) — (37777;& _y) — (3377%?/,5)

In view of (1.1) and (1.2), we have the inclusion:
(17) T°X C TTZ(XXX)T*(X X X) = TT*X,

which is given by (z;¢) — (z,0;0,£). For any subsets S}, Sy, C X, we set C'(S,95,) :=
CA(S; x Sy) C TT*X. Further, we set

AFB:=T*XNC(A B C T*X.

By the definition, A+ B C AT B = BF Ahold, and (zy;§,) € AT B if and only if there
exist sequences {('xn’ gn)}nEN C A and {(yn’ nn)}nEN C B such that
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Microsupport. For any object F' of D*(X), we denote by SS(F) the microsupport of F
which is a closed conic subset of 7*X and described as follows:

Let (z) be local coordinates of X and (z(;&,) a point of T*X. Then (z4;¢,) ¢ SS(F)
if and only if the following condition holds: There exist an open neighborhood U of z,
in X and a proper convex (subanalytic) closed cone v C X satisfying &, € Inty°* U {0}
such that

(1.9) RINHN (x47);F)~ RI(LN (x+7); F)
holds for any = € U and any sufficiently small € > 0. Here
L:={ye X;Re(y—zy,&) =—c} CH:={y€X;Re(y—x&) > —¢}

Note that SS(F) N Tx%X = supp F. Since H N (z + ) and LN (z + ) are compact, if we
set

(1.10)  Z(z,e) == (H\L)N(x+7) ={y € X; Re (y —z,§) > —e} N (z +7),
then (1.9) is equivalent to

(1.11) RI.(Z(x,e); F)=0.

C

2. SYSTEMS WITH REGULAR SINGULARITIES.

From now on, M denotes an n-dimensional real analytic manifold, X a complexification
of M, and i: M — X the natural embedding. We denote by &'y the sheaf of holomorphic
functions, and by Z the Ring of holomorphic linear differential operators on X respec-
tively. Let &y be the Ring of microdifferential operators on T*X and {é’}((m)}mez the usual
order filtration on &y (see [S-K-K] or [Sc]). Let V' be a C*-conic involutory closed subset
of T*X. Then we set

Iy ={Pe &Y 0Py =0}, & = U A"

Here o,,(P) denotes the principal symbol of P € éa)((m). Namely, &, C &y is a sheaf
of subring generated by .#,,. By the definition, éa)((o) C &, holds. Further Kashiwara-
Oshima [K-O] proved that &, is a Noetherian Ring, and that every coherent &y-Module
is pseudocoherent as an &,-Module.

2.1. Definition ([K-O]). Let V be a C*-conic involutory closed subset of 7*X and 9
a coherent &y-Module defined in an open set of T*X. Then we say that 9 has regular

singularities along V if there exists locally a sheaf of &, -submodule £ C 9 such that £
is 5’)((0) coherent and that & £ = 9.

If 90t has regular singularities along V', then supp 9 C V ([K-K, Lemma 1.13]).
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2.2. Definition. Let V' be a C*-conic involutory closed subset of T*X and .# a coherent
P-Module. Then we say that .# has regular singularities along V if a coherent &-
Module & ® 7 '.# has regular singularities along V N T*X and the characteristic

19y
variety char(.#Z) := supp(&y ® 7 ') is contained in V.
=19

X

The notion of regular singularities is closely related to the Levi condition (see [D’A-T1).
If V C T*X is a regular involutory complex vector subbundle, then there exists locally
a smooth morphism f: X — Z of complex manifolds such that

(2.1) V=XxTZ.
Z

2.3. Proposition ([MF-K-S], see also [H]). Let .# be a coherent Py -Module which has

reqular singularities along X x T*Z. Then there exists locally on X a finite free resolution
Z

of M -

0 — .@X*)@ZNT — .@A)(*?BZ]VT_1 — s > .@A)(*?BZ]V1 — .@X*}@ZND — % — O

3. THE FuncTOR OF FORMAL COHOMOLOGY.

Let us briefly recall the functor of formal cohomology due to Kashiwara-Schapira [K-S 3].
We inherit the notation form the preceding section. Since the base ring is fixed to C, we
simply write S (x, %) = Home, (%, %), * @ * = >|<g§> * and so on. We set 23 =i 19
to avoid the confusion. Let 4,, and Cf}; be the sheaées on M of Sato hyperfunctions and
of complex valued C* functions respectively. We denote by R-€ons(M) and DMod(Z3))
the Abelian categories of R-constructible sheaves on M and of (left) 2i,-Modules re-
spectively. Let DE (M) and D®(24}) be the bounded derived categories of R-Cons(M)
and 9Mod(Z3}) respectively. We denote by

(3.1) ¥ ® Cfp: DY (M) — D(Z3)
the Whitney functor due to Kashiwara-Schapira [K-S3]. We recall:

3.1. Theorem ([K-S3]). (1) *(%Cj\’j: R-Cons(M) — Mod(Z4}) is an exact functor.

(2) If U € M is a subanalytic open subset, then CU%C]C\’; = Iinw C Chp is the
subsheaf consisting of sections vanishing at infinite order on M \ U.

(3) If Z C M is a subanalytic closed subset, then (CZ%)COO =Wty = O/ Ixy is
the sheaf of Whitney functions on Z.

Let X® be the real underlying manifold of X, and X the complex conjugate manifold
of X. The functor of formal cohomology is defined by

«® Oy = RAMomy_(Ox x2C3%): D (X) — D*(2y).
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3.2. Theorem ([K-S3)). (1) For any F € ObD} (M), it follows that
Ri,F& Oy = Ri,(F&C).

In particular, C,, ® Oy = C37 holds.

(2) If Z C X is a closed analytic subset, then C, ® O s the formal completion of Oy
along Z.

(3) There exists the following chain of morphisms:

F® Oy — T#Hom(DyF,Oy) — RA#om (D' F,0y).

Here T'A#om(*, Oy ) denotes the functor of moderate cohomology due to Kashiwara [K],
and D'y F := R#om(F,Cy).

Let N be a real analytic closed submanifold of M. Let Y be a complexification of N
in X, and fy: N — M the canonical embedding with a complexification f: Y — X:

N#M

(3.2) | |

Let 7y: TyM — N and 7y : T M — N be the normal and the conormal bundles to N in
. b b .. .
M respectively. We denote by vy (x): D°(M) — D:_, (TyM) the specialization functor,
and by
Wy (x® Cff) = wiy (x, C3p) : D (M) — Dg_ (TyyM),

Wopty (@ CFf) := Wy (+ @ CF)": Dy (M) — Dz_ (T M),

the Whitney specialization functor and its Fourier-Sato transform due to Colin [C 1], [C 3].
In particular, we set:

W-rn (Ch7) = W-rn (Cry @ Cfp), W-pn(Ch7) := W (G @ CFy).
Then we recall:

3.3. Theorem ([C1]). (1) W (C%) and W-py(C59) are concentrated in degree zero,
and there exist the following natural monomorphisms of sheaves:

W-vn (CRp) = vn(Bar)s Wy (Cop) — iy (B

(2) Ry W-vy(Cfp) = (CN®CX7>®WN/M = Wiin Bwyyy and Ry, W-vy(Cfp) =
f]QlCXj hold. Here W/ar 0 the relative dualizing complex.

Taking F' = W-vy (CF), vy (CF) or vy (4,,) in Proposition 1.1, we obtain:
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3.4. Proposition. There exists the following morphism of distinguished triangles:

W-vp (CFF) 7']\717/](}?]\, Rp!, py ~'W- MN(CM)®LU§3/A14 N
l ! l
_ - 1+l
vn(Ch7) — 75 'Ry (CRY) ®WN/M — Rpf, p3 ~ ' un(CF7) ®W%/1\14 =
l l l

_ _ _ +L
vn(Brg) — T In(Py) ®W§3/1&1 — Rp{.p3 'y (By) @ Wf\;}/]\b

Note that applying the functor Ry, to the distinguished triangles in Proposition 3.4

(or using Sato’s fundamental distinguished triangle), we obtain the following morphisms

of distinguished triangles:

— 0o 00 . 1
'O ———— Wiy — Rity, W-py (C3}) @ wiyy — =

I | l
(3.3) e _HRFN(CM)®WN/M — Ry, NN(CM>®MN/]\£[+_1>

l | l
I Py —— Ty(Byy) @i — Rity, iy (Byy) @ iy — —

L
For any coherent Zy-Module .#, we denote by Df*.# = 0, @ [~/ the induced
f~to

X

system of .4 . Assume that Y is non-characteristic for .#; that is, char(.#) N Ty X = 0.
Then, it is known that D f*.# is identified with .#, := H°D f*.# which is a coherent
Py-Module. By [K-S2, Exercise XI.11] and [K-S 3, Theorem 7.2], we have

R%ﬂm_@x(%, W]\ZO,N) — R%ﬂm_@x(%, FN('@M)) ?3/]\14

(3.4) f lz

In particular, by Proposition 3.4 and (3.4), we have a morphism %amgx(%, vn(By)) —
TN 1%@%% ( Ay, By ) which is nothing but the non-characteristic boundary value mor-
phism (hence a monomorphism) (see for example [O-Y, Theorem 5.3]). Therefore, by
Proposition 3.4 and (3.4), we obtain the following:

3.5. Proposition. Let .# be a coherent 2 -Module for which Y is non-characteristic.

Then the diagram below is commutative:

RAomy (M, Wuy(C3)) — T \RHomy, (My,CF)

| !

R%amgx(%, vy (C3) —HTNIRFNRC%@/?Z_@ (A, COO)®WN/M
| l

R:}fﬂﬁ_@x(%7 VN(’@M)) il T]GlR:%&ﬂmgy(%Y,@N).




Further following all the morphisms are monomorphisms:

Homg (M, W-vy(CRp)) >— Homy (M, vy(Ch)) >— Homgy (M, vy(By))

- .

T]\?l%ﬁmgy(e//y,cjo\fo) Tﬁli%ﬂowz@y(,//ly,,@]\;).

Let Z be a closed real analytic submanifold of X. We denote by
Wovy(x® Ox) i= Rtomy (Ox ,Wvy(x@C52)): Dy (X) — Dg_ (T,X),
Wopi (x @ Oy ) i= Wy (x @ Ox)" - D (X) — D§>O(T§X),

the formal specialization functor along Z and its Fourier-Sato transform due to Colin
[C1], [C3]. Note that as in Proposition 3.4, there exists the distinguished triangle below:

(3.5) W, (F®ROy) — 7, (F,@ 0y) — Rpf, p3 *W-p,(F ® Oy) ®w?/_; RN
4. FORMAL MICROLOCALIZATION AND ESTIMATE OF MICROSUPPORTS.
We inherit the notation from the preceding sections. First, we impose the following:

4.1. Condition. V is a regular involutory complex subbundle of T*X, and .Z is a
coherent Zy-Module and has regular singularities along V.

The following theorem is the first main result in this paper:

4.2. Theorem (cf. [MF-K-S, Theorem 2.1]). Let V and # satisfy Condition 4.1. Then
for any F € ObDy, (X)), it follows that

SS(RHomy (M. F&0Oy)) CVTSS(F).
Proof. Since
SS(RHAomg (M, F & Oy)) NT4X = supp(RHAomy (M, F & Oy))
C supp . Nsupp F C (V—/i: SS(F)) NTX,

we shall consider on 7*X. The method of proof is same as in [MF-K-S]. Since the problem

is local, we may assume that X =Y x Z, f: Y x Z — Z is a canonical projection, and

V=XxT*Z =Y xT*Z. Hence by Proposition 2.3 and a standard argument, we may
Z

assume that # = Zy_,,.

Let (z4;&,) be a point of T*X. Assume that (z,;&,) ¢ V + SS(F). We take a neighbor-
hood U of z, and a proper convex subanalytic closed cone v C X such that §, € Int y°¢
and (U x 7°) N (V +SS(F)) C T4X. Set for short:

Let Z(z,¢) be as (1.10). By (1.11), we may show:
(4.1) RI(Z(x, ), 3€(F)) = 0,
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Take v € Int~y and set Z; := Z(x — dv,e — 0) for 0 < § < . We may assume that
x — 0v € U. Then, for any j € Z we have

HI(Z(2,€); H(F)) = lim HI(X;C,, & H(F)).

0>0

By [K-S 3, Proposition 2.8|, we have a natural morphism:
(4.2) Cy, B(F & 6y) — (C, & F) & 0.
Next we set
Zs = (r—ov+Inty)N{y € X; Re{y —xy,&) =0 —e}.
Note that Z5 N Z5 = Int Z; . Since
RAom(Cy D/X(ng) = RAom(Cy ijawz((:zé, Cy))
= R%ﬂé‘”ﬂ(cz(S Q% Czy Cx) = RAomn(Cpy Zg» Cx),
a natural morphism Cp, 7, — Cy induces a morphism
(4.3) Cy, — D'XCZS .
Since D'y D’y F' = F, we have
(4.4) DyCyy & F = R#wn(Cpy, Cy) & F — RHwn(Cy, F)
= R%&wz(@zé, R (D' F,Cy))
~ RAon(Cyy & Dy F,Cy) = Dy (Cy & D F).
For 0 < ¢’ < §, we set
W= (z—dv+Inty)N{y € X; Re{y —xy,&) > —¢}.

Then W is an open subset of X and both Z§ and Z; are closed subsets of W. Hence,
there exists the following chain of morphisms:

(45)  RI,(F@0y)— RL,(F©0) = RO, (F©0x), )= (F0y), .

Therefore by (4.3), (4.4), [K-S 3, Proposiotion 2.8] and (4.5), we have the following chain
of natural morphisms:

(46) (T, ®F)& 6y — (DxCpy & F) & 6y — (Dy(Cpy & Dy F)) & Oy
— RHom(Cy DYDY\ F ® Oy) = RI', (F® 0y)
S (F80y),, =C, S(F&0y).
Thus by (4.2) and (4.6), we have a chain of natural morphisms:
C, B(F & Ox) = (Cp & F) & Ox — C; B(FSOy) — (€, & F) & 0.
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Hence taking inductive limits, we have

HI(Z(w, ), H(F)) = lim HI(X; €5, & H(F)) = lim HI(X33(C, & F).

c
0>0 6>0

Since f is proper over supp C 7,5 We have by [K-S 3, Theorem 7.2

w

L w L
(4.7) Rf!R%&”ZQX(@XHZa ((Czé RF)® Ox) ~ Rf!((cz(S ®F)© 0.
Hence applying the functor RI.(Y; ) to (4.7), we have

. L . L w
lim (X H(C,,, & F)) = lim H (Y RA(C,, & F) & 0,).

>0 >0

Hence the proof of (4.1) is reduced to show
L
(4.8) Rf(Cy ®F)=0.
Set p(y) := Re (xy—y,&,) and X, :={y € X; ¢(y) < t}. Then Z; = (x —dv+~)NX,__.
If we prove that for any y € U
L
(4.9) —dp(y) = (¥:%) ¢ (SS(Claspin @ F) +V)

holds, then we have by [K-S 2, Proposition 5.4.17 (¢)], for any ¢t with X, N U # 0,

L L
Rf!(cz5 ®F) = Rf(C(,_spipnx, ® F)

holds. Hence choosing ¢t < 0 as (x — 0v + ) N X, = 0, we can obtain (4.8).
Now we prove (4.9). Since

(U x ) NSS(F) C (U x )N (VFSS(F)) C Ty X,
we have
SS(C iy 5oy @ F) C (U x7) +SS(F) = (U x 7) 4+ SS(F).
On the other hand, since
(Ux7°) N (V+SS(F)) C (Ux~y*) N (VFSS(F)) C TX,
we have:

(U X 729 N (SS(Cy_spsry @ F) + V) C (U x 7)1 (V + (U x 7) + SS(F)) € T X.

r—O0v+y
Thus we obtain
L
(U x Inty°*) N (SS(Cy, g1y @ F) + V) = 0.
This proves (4.9) since &, € Int y°. O
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We denote by p;: X x X — X the j-th projection, and by A ~ X the diagonal set of
X x X. Then the formal specialization of F € ObDp (X) is defined by

F(? ﬁ = R%ﬂm.@XXX<@XXX—>X7W_VA(p2_1F® ﬁXXX)) ®WTX/X .

Py

We give another expression of F’ % Oy : Let XC be the complex normal deformation of A

in X x X and ¢: X€ — C the canonical mapping. Set 2 :=t 1(R.,) C XC and consider

the commutative diagram below:

| A

X— X xX.

Set p; :=p;op: XC — X. Then we have

w L w
F® Oy = O—_lR‘%pg”Z@)}c(‘@f(C—Uﬁ (p3 ' F @ Cqp) ® Oxc) ® Wrx/x -
v py

The formal microlocalization is the Fourier-Sato transform of F ® 0 X

Note that the original definition in [C2] is F ® Oy = (F ® Oy)"*. However, in view of
o v

Theorem 4.3 (3) below, we slightly changed the definition.
We recall the fundamental properties of the formal microlocalization functor

x % Oy: D} (X) - D}_ (1"X).

4.3. Theorem ([C1], [C2]). (1) F%ﬁﬂx = F%ﬁx and there exists the following
1w

distinguished triangle:

L w w
FROy — F®0Oy — Rit,(FR0y) .
1%

(2) Fach cohomology Hj(Fé Oy) is an Ex-Module for any j € Z.
o

(2) supp(F%]) Oy ) C SS(F)® and there exists the following chain of morphisms:
o

F® Oy — T-pihom(DyF, Oy) — phom(DyF, Oy ),
w

where T-psom(x, Oy ) is the temperate psom functor due to Andronikof [A].
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Note that both supp( T-ptom(D'y F, O)) and supp(usemn(D F, Oy)) are contained in
SS(D\ F') = SS(F)°.

Further we can show that every quantized contact transformation acts on F ® Oy as
I
an isomorphism. Precisely, let X and Y be complex manifolds with same dimension

nand (py,py) € T°X x T°Y. Let x: (T'Y), — (T"X),
canonical transformation and A C T*(X x Y) the Lagrangian submanifold associated
with x. Let K be an object of D2 (X x Y;py,p%) such that SS(K) = A and K is
simple with shift zero along A (for the notation and terminology, see [A] and [K-S2]).
We denote by g; the j-th projection on X x Y. For every G € Ob Dy .(V;p%), we set

L
@K[n](G) = Rqy (K[n] ®Q271G) € Ob D]lb%c(X;pX)'

N be a germ of complex

4.4. Theorem. Under the notation above, the quantized contact transformation induces

the following isomorphisms at py:
X*<D/YG(% Oy) ——— X, T-ptom(G, Oy) ——— X, phom(G, Oy)
lz ‘z lz
D@ y1n)(G) & Ox — T-sdon( @iy (G), Ox) — phom(Picyy (G), O).

Let N be a closed real analytic submanifold of M, and 7y : T3 X — N the canonical
projection. We see that supp(Cy ® Oy) C THX, and by [C1], for any p € T X we have
o

(4.10) HH(Cy @ Ox), == lim HE N (O Cy iy © )
Uv

Here U ranges through the family of subanalytic open neighborhoods of 7, (p) in X, and V/
ranges through the family of subanalytic open sets of X such that Cy (V) ) C Int{p}°.
Since the problem is local, we may assume that X = C" and both U and V can be
chosen as bounded convex sets. On the other hand, by the proof of [Be, Theorem 4.4],
for any relatively compact Stein open subset V' € X, it follows that RI'(X;C,, ® 0 ) is
concentrated in degree dim-X = dim M. Hence choosing V' € U in (4.10), we obtain the

following;:

4.5. Proposition. Let M be a real analytic manifold, N a closed real analytic submanifold
of M. Then CN% Oy
o

i x 18 concentrated in degree —codim,, N.

4.6. Remark. Under the same notation in Proposition 4.5, Cy ® ﬁX‘N =Cy ® 0% =
m

w
Wy n is concentrated in degree zero. Hence in general, the complex Cy ® Oy is not
m

concentrated in a single degree in 7" X.
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Let f: Y — X be a morphism of manifolds. We set natural mappings associated with

f as follows:
Ty dty XT'X 15 T'X.
We extend Theorem 4.2 to the formal microlocalization functor:
4.7. Theorem (cf. [MF-K-S, Theorem 2.3]). Let V' be a closed C*-conic reqular invo-
lutory submanifold of T*X and F an object of DE?C(X). Suppose one of the following

conditions:

(1) A is a coherent Dy -Module such that V and 4 satisfy Condition 4.1.
(2) M is a coherent &x-Module defined on an open subset of T*X and has regular

singularities along V', and Fg{) ﬁX’U s concentrated in a single degree.
m

Then it follows that

SS(RH oy (M, F @ Oy)) € C(V,SS(F)).
“w

Proof. Since the problem is local, in Case (1) we may assume that X =Y x Z, V =
XxT*Z =Y xT*Z and M = P_,, by Proposition 2.3. In Case (2), we may assume

z
that X =Y x Zand V = X xT*Z =Y x T*Z by a suitable contact transformation. By
Z

[K-O, Theorem 1.9], we can find an exact sequence
0— N — &Yoo — a — 0,

and ./ has also regular singularities along V. Hence by a standard argument, the proof

can be reduced to the case where 4 = &y, = & @ 7™ 'Dy_,. Therefore in both
T 19
cases, the proof is reduced to the estimation of

SS(RHomy (Dx .y F @ Oy)).
o

Let f: X =Y x Z — Z be the canonical projection. We work on the space T*T'X under
the identifications of (1.6), and by [K-S 2, Theorem 5.5.5] we see

SS(RHomy (.7 F© O)) =SS(RHomy (D5, F @ Oy)).
o v
Then setting h := fop;: XC - 7, we have
X

R%MQX(‘@XHZ7 F(? ﬁX) = UﬁlR%ﬁW@XC(QNC_)Z, <p£1F®CCIQ> ® ﬁ)Z’C)

Let X = {(z,y); y = 0} € X x X = {(x,y)} be local coordinates of (1.5). Then the
coordinates of X€ are {(x,y,t); t € C, (z,7 —ty) € X x X} and

p(xayat) = (a:,:z:—ty), p1<5177y,t):3?, pQ(xayat) :x_ty

13



Let (z,y,t;&,n,7) be the coordinates of T*XC associated with (x,y,t). Since h: XC 7z

is smooth, we see

char(Z. ) =V := pa(X© xT"Z) = {(2,4,1:€,0,0) € T*XC; (1:6) e Y x T*Z}.

XCoz
By [K-S2, Corolllary 6.4.4], we have
SS(RHomy (Dx_z, F% Ox)) = SS(UAR%M@XC(-@)}CHT (p5 ' F®Cqp) @ O%c))
C Uﬁ(SS(Rf%ﬂMZ@W(@XC—% (p5 ' F ®Cqq) @ Osc)))
C o' (VFSS(p, 'F®Cqq)) C o (VT (SS(py 'F) FSS(Cayp))).
Hence we may show
o (VF (SS(ps ' F) F88(Carp))) € C(V, SS(F)).
Since p, is smooth, by [K-S2, Proposition 5.4.5], we have
SS(p5 F) = ppapyz! SS(F) = (0,9, : 6, —16, (. €)) € T*XE; (z — ty:6) € SS(F)}.
Hence it follows that SS(py 'F) N'SS(Cqy)* C T)i‘{c)?c since
SS(Ceyp) = {(2,9,£;0,0,7) € T*X®: Imt = Ret Re7 = 0, Ret > 0, Ret > 0}.
Thus we have (see [K-S2, Remark 6.2.6])
SS(ps 'F) +SS(Cei ) = SS(ps ' F) +SS(Cey ).
Let (zy, Yo; €95 o) be a point of T*T'X. Assume that
(o, Yo &0+ o) € aﬁ(?—T— (SS(ps ' F) +5S(Ceip)))-
Then by (1.4) there exists a sequence
(s Yo i s s Ta) b € V T (SS(p3 ' F) + 8S(Cy )

such that (z,,, Y, t,; & M) — (X0, Yo, 05 €y, 1) and |¢,]|7,,] — 0. Thus by (1.8) there exist

sequences
{(xn,ja yn,ja tn,j; §n7j7 Oa O)}j,nEN - V7
{<x;1,j> y;,ja t;z,j; 51/1,]‘7 _t;z,jgzl,ju _<y;z,j7 §L,j>)}j,n€N - SS<p{1F)7
{(x%,ja y;%,j7t;1,j; 0, 077—7/:,j)}j,neN C SS(Cqp),
such that

(‘/En,j7yn,j7tn,j)7 (m;z,jvy;z,j’t:z,j) 7 (‘Tmymtn)?

(gn,j + gqlm,ju _t,n,jgé,ﬁTq;/,j - <y;,j7§;,j>) 7 (frm M Tn)7
|(‘rn,j - x;L,pyn,j - y;L,j7tn,j - t;},,])| |§n,j| 7 07
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hold. Hence by extracting subsequences, we may assume that there exist sequences

{(® s Yr £ 60,0 e C V,
{0 Yot € =& — (U €0)) hnerw C SS(p5 ' F),
{0 Y3 1250,0, 7)) Foew € SS(Cey)
such that

/

(xn7yn7tn)7 ($;17y7’17tn) 7 ('I[):yOaO)a
(gn + 57117 _t;ﬁi—;) 7 (E()a 770)7

hold. In particular, we have Ret/, > 0 and Im ¢/, = 0. Since |, — 0, wesee t, &, +t/ & — 0,
and we have t),{, — 1, since —t/{,, — n,. Thus we can find {c,},cy € R., such that

¢, — 0 and c,¢,, —c,&, — n,. Consider sequences
{(an + (o = t)¥n; &) bnen CV,
{(@, = 690 —€n60) bnen C SS(F)“.
Then (2, + (¢, = 1) yn; €,80)s (@3, = 805 —€,85) — (23 7)) and

(@ + e = )i eaa) = (= i =€) = Ui+ €0) 00 o)
Therefore by (1.3) we have
(0,703 Yo» &) € C(V, SS(F)?).
The proof is complete. O

Next we introduce the following condition:

4.8. Condition. V C T*X is a closed C*-conic regular involutory submanifold, and .#
is a coherent Zy-Module and has regular singularities along V.

4.9. Theorem. Let V be a closed C*-conic regular involutory submanifold of T*X, .#
a coherent P -Module, and F an object of DIE{(X). Suppose one of the following con-
ditions:
(1) V and A satisfy Condition 4.1.
(2) V and A satisfy Condition 4.8, and F® ﬁXlT*X is concentrated in a single degree.
o

Then it follows that
SS(RHomy (M. F&0y)) CVTSS(F).
Proof. Consider the distinguished triangle below:

L w w
RAomy (M, F&O) — RHomy (M, F®Oy)— R, RHom, (M, F®0)
I

15



Since .# is coherent, we have
RHAomy (M, FEOx) = RAomy (M, 0x) 5 F.

By [K-S2, Theorem 11.3.3], we see

SS(R%@%QX (M,0y)) = char(A) C V.
Thus by virtue of [K-S2, Corollary 6.4.5], we have

SS(RHomy (M, F & 0x)) CVESS(F).
On the other hand, by [K-S2, Propositions 5.5.4, 6.2.4] and Theorem 4.7, we have

SS(R#c.RHom, (M, F % 0x)) CV ISS(F) C VESS(F).

Therefore by [K-S 2, Proposition 5.1.3], we obtain the desired result. 0

4.10. Example (cf. [Bo]). Let m,,: T3, X — M be the natural projection and k: T3, X —
T*X the canonical embedding. We set

Note that supp(C,, ® Ox) C Ty X. Let us set &), := Ox/|,,. Then we have
o

0— ey — O — 7y, Cl —0, Ry, €L=0 (j#0),
and there exist natural monomorphisms
i — (gz\f4 1= T-pshom(DxCyyp, Ox) — €y = phom(DxCyy, O ).

G

e x is concentrated in degree zero by Proposition 4.5, and

RWM*CK]% = CKX‘HM =Cy® ﬁX|M =Cy

is also concentrated in degree zero. Therefore €, is a conic sheaf of 75, X, and in par-
ticular defined as an object of D*(&y). Let p: TT*X = T*T*X — T*X be the canonical
projection. By (1.1), (1.2) and (1.7), we have:

T*X "« MxT*X — s T\
I i I
TT*X < T X X TT*X —» Tpe vT*X
' T*X M
] |

T*T*X = T8 X x 7T X L 77, X
T*X
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Let V and . satisfy Condition 4.8. Then, we see C(V, T, X) = kd’lCTXlX(V) (cf. [K-S2,
Proposition 4.4.2]). Hence, we have by [K-S 2, Proposition 5.4.4]

ki 'SS(RAomy (M, Crr)) Np (T°X) = k ky'SS(RHAomy (M, 65p)) N~ (T7X)
= SS(RHAwmy (M, REGy)) Np~ (T X)
= SS(RHomy, (M,C), % 0y)) Np H(T*X)
C C(V.SS5(Cy)*) = C(V, T}, X) = kdilch(/fX(V»
Therefore we have:
SS(R%”’”.@X (///’fgﬁ[)) ﬂp‘l(Tj\}X) C CT]*VIX(V)'
For the same reason, we obtain by Theorem 4.9:
z'd‘lsS(ijm@X (A,CR)) = iwz'd_lSS(Re%”mz@X(/l, )
= SS(RHomy (M. Ri,CF)) = SS(RHomy (M,Cy & O))
CVFSS(C,)=VITyX =(M X TX) N kg Cre (V).
Thus we have

(4.11) SS(RHomy (M ,C32)) Cig((M X T*X) Nk Cre (V) = #(V),

5. HYPERBOLIC BOUNDARY VALUE PROBLEM FOR WHITNEY FUNCTIONS.

In this section, we consider a hyperbolic boundary value problem for Whitney functions.
First we shall prove the following:

5.1. Proposition (cf. [MF-K-S, Theorem 2.2|). Let V' and # satisfy Condition 4.1, F
an object of DE?C(X). Let Y be a real analytic closed submanifold of X and f:Y — X
the embedding. Assume:

(5.1) Ty X N (VFSS(F)) € TxX.
Then, the distinguished triangle (3.5) induces the following isomorphism:
RHAoomg (M, Wy (F @ Oy)) 5 77 Rotomy (My, Fy @ Oy).
Proof. By [K-S 3, Theorem 7.2], we have
RAomy (M, Fy @ Ox) % RAomy (My,Fy @ 0Oy).

Hence by (3.5), we may prove

TEX — 0.
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Let d be the codimension of Y. Since the problem is local, we may assume that X =
Cr=YxZ, f:Y >y~ (y,0) € X, and that V is of the form (2.1). By the stalk
formula ([C 1]), for any z* € %X and j € Z we have

HI RH oy (M Wopiy(F @ O)),. =iy W RH oy (M, Fy @ O) i) -
U

Here U ranges through the family of subanalytic open sets of X such that Cy (C1U )W(w*) C
Int{z*}°. We may assume that w(z*) = 0 and that U has a form Y x I". Here I' is a
proper convex subanalytic open cone of Z. By Theorem 4.2, we have

SS(RHAomy (M, Fy@Oy)) C VT SS(Fy).
Set W= {(y,2) € Y x Z; z € CIT'}. We shall show
(5.3) Ny (Cy) NSS(RHomy (M. Fy @ Oy)) C {0}
Here N (Cy,) € T*X N7 —1(0) denotes the conormal cone. Note that
SS(Cy) N7 ™H(0) € {(0;—¢); ¢ €T}, Ny(Cyy) = {(0;¢); ¢ € T°},

Assume that (0;¢,) € NZ(Cy) N (VFSS(F,)) and ¢, # 0. Then, since SS(F,) C
SS(F) FSS(C,,) by [K-S2, Corollary 6.4.5], we have

(5.4) (0;¢) € VF (SS(Cy) +SS(F)).
Thus by (1.8) there exist sequences {(2,;¢,) bnen €V, {(25;C) oen © SS(Cy) FSS(F)
such that
Zn Z':y, - 07 gn + g'r,z - CO'
Using (1.8) again, we can find sequences {(2;, ;; =/, ;) }. jen € SS(Cp), {(21 45 G i) b jen €
SS(F’) such that
Zngr Znj y Iy —Cng T G = G zny — 2031161 - 0.

By extracting subsequences, we may assume that there exist sequences {(z,;¢,) },en C V,
{(20; =G hnew € SS(Cy) and {(27; ¢) bpen C SS(F) such that

Zn 27/17 27/1/_>07 Cn_CylL—{_gl-: _>CO'

Then the sequence {[(,,+,,|}52; does not converge to zero. Indeed, assume that |+, | —
0. Then we see I'°* 5 —(, — (, € I'°. Since I'° is a proper convex closed cone, we haﬁe
(€ I'enIee = {0}, Whicﬁ is a contradiction. Hence extracting subsequence, setting
¢, = 1/I¢, + (| > 0, we may assume that {c,};.y and {c,((, + (})};cn converge to
some ¢ € Ryy and 6, # 0 respectively. Hence we have ¢, (¢, — ¢, + () — (. In
particular, {c;(0,¢},)}eny C {0} x I'* converges to 6, — c(,. Since {0} x I'® isnclosed, we
have 6, — c(, € {0} x I'°. Thus we have

Oy =10, —cCy+cCy€{0} xIT°+{0} xI'* C {0} xI'* C Ty X.
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Therefore, {(2; ¢,,¢,,) bnen C V and {(20); ¢, () }oen C SS(F) satisty:
Loz Gt )= b [ = Gl = 0.
This implies (0;60,) € T X N (V FSS(F)), which contradicts (5.1). This proves (5.3).
Further, by supp(R%am@X(%, Fy ® Oy)) C W and [K-S2, Corollary 5.4.9] we have
RAomy (M, Fy©Ox)y= REyRHomy (M, Fy® Oy)y = 0.
Therefore we obtain (5.2). O

Let g: L — M be a morphism of manifolds, and W C T* X a conic subset. Recall that
g 1s hyperbolic for W if:
T;M N CT]QX(W) = (.
We denote by N a d-codimensional closed real analytic submanifold of M, and use the
notation in (3.2). We shall show the following:

5.2. Theorem. Let V and .# satisfy Condition 4.8. Suppose that fy: N — M is
hyperbolic for V.. Then there exist the following isomorphisms:

R%ﬂm@X(%, W—VN(CJ?;)) =~ Tile%ﬂaﬂzgy(//fy,CX?)
lz lz
R%&‘/ﬂ@X (M ,vy(Cr)) —== TNlRFNR%owz@ (A, C3) ®wN/M

Note that the hyperbolicity condition implies that Y is non-characteristic for .# in a
neighborhood of N.

Proof. We show:
(5.5) Rj%m@ (///aW‘MN(OJ?/[o))‘T*M = R%p”m@ (A, MN(C]?/[O))lT;{,M =0.
First, consider RA 2, (M puy(CF)). By [K-S2, Corollary 5.4.10], (4.11) and the hy-
perbolicity condition, we have:
supp(R%”mz@X(,///, 1 (C30))) N THM C THEMNSS (R%”mz@}( (A,C))

Next, consider RHAzm, (M, W-puy(C37)). By the stalk formula ([C1]), for any z* €
TiM and j € Z we have

W RH oy (M Wopi(CF5)) e = 0 W R A oy (M, Cpy @ C35) 50

U

Here U ranges through the family of subanalytic open sets of M such that Cy (ClU )ﬂ(x
Int{z*}°. Since the problem is local, we may assume that M = R" % x R%, D N = {x €

M; 2" =0} = R % x {0}, 7(2*) = 0 and that U has a form R"~? x I". Here I' = I, C

J=1
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R? is a proper convex subanalytic open cone with I, ={2"¢€ R%; (2", £7) > 0} for some
¢/ € R?. By Theorem 3.2, we have

lim R omy (M, Cy @ C%)y = lin R omy, (M, Cy® Oy)y.
U U

5.3. Lemma. CU%ﬁX
m

i~y 18 concentrated in degree zero.

Proof. We set
Wfq = {ZL’ S Rna <.Z'H, 1,> == <x”7€1/7/> = 07 <x”7§,;/+1> > 07 B <$”7€” > > O}

p+q

and shall prove that Cyyr. ®0 X
o

i+ y 1 concentrated in degree —p.

Assume that p+ ¢ = 1. If (p,q) = (1,0), then by Proposition 4.5, CWi’O ® O |« 18
w

concentrated in degree —1. If (p,q) = (0,1), then setting W' := {z € R"; (2", &/) < 0},

+1
we have (ng,l & Cyon — Cpy — CW}F,O —. Hence we have

(Cyyon éﬁx) @ (Cypon éﬁx) - CM%ﬁx — Cyro %ﬁx =
Top T op Iz Top

Therefore H’ (Cypon ® Oy)
I

+y = 0 for j # 0 and the sequence

) d
7ex — Car

0= HH(Cpro @ Oy)|gox = (H(Cypor @ Ox) & H (T @ Oy)) jox — 0
Iz B Top

is exact.

Next assume that we have proved the desired result for p+q=v—1. Cv.0 %) O\ x
o

W
is concentrated in degree —v by Proposition 4.5. Assume that CW£+1,V7P71 ® Oy |jwx 1S
o

concentrated in degree —p — 1. Then setting

Whrr .= {ZL‘ € Rn; <$”7 Y) = = <$”a g]l)/) = 07 <ZL‘”,€1/7/+1> < Oa sy <x”7€1/7/+q> > 0}7
W_/’_I”V—P—l = {l’ € IRn7 <ZL'//, Y) == <‘r//7£;),> = 07 <x//7£1,)/+2> > 07 ceey <x//7§1,7/+q> > 0}7

+1
we have CWp,pr 45 CW;D,pr — CW/p,prfl — (CWPH,WPA —. Hence we have:
+ - + +

(CWP,pr % ﬁ){) D ((pr,vfp (Vé) ﬁx) — CW/p,prfl é ﬁX — (CWerl,ufpfl é ﬁx +_1> .
+ B - B + I3 + I3

By the induction hypothesis, we see that (Cerp,prfl % o X)
o

i« x 1s concentrated in degree

—p. Therefore 'Hj((Cwi,ufp (% Ox)|j«x = 0 for j # —p and the sequence
m

O — Hipil(cwi-&-l,l/—p—l % ﬁx)
n

pox = (7 (Coppomr @ O) ©HP(Copres @ O))

T*X

— H_p((cwg_p,ufpfl é ﬁx)
w

+x — 0
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is exact. Therefore the induction proceeds.
In particular, C;, ® O
o

w
fex = CWfi,m %{) o X‘T* y 1s concentrated in degree zero. O

By the preceding lemma and Theorem 4.9, we have
SS(RHom, (M.Cy @ Oy)) CVFSS(Cp).

Hence we can apply the same method as in Proposition 5.1 to prove (5.5). Set W :={z €
C"; Rez” € CIT'}. We shall show

(5.6) N; (Cy) N SS(RHomy (M, Cy @ Oy)) C {0},
Note that
SS(Cy) N ~H(0) € {(0; V=T, =&" +vV=T1"); € € T°}, Ny (Cy) = {(0;¢"); " e T°}.

Assume that (0;¢)) € Nj(Cy) N (V—T—SS(CU)) and & # 0. Then by (1.5) there exist
sequences {(2;; () }ew C V, {(@;; V=117, —f" +vV=11})};en C SS(Cy) such that

2B 0, G VT8 VT = 0.8, 5= F11G] 0.

In particular, we have

(5.7) &= (0.6) = (0.6), yl Iyl < 12, = F,11¢] 0.

Then the sequence {|¢;|}52, does not converge to zero. Indeed, assume that || ~ 0.

Then by (5.7), we see ['°* 5 —g’ — & € I'°. Since I'° is a proper convex closed cone, we
J
have & € I'°NT°* = {0}, which is a contradiction. Hence extracting subsequence, setting

c; = 1/|§;| > 0, we may assume that {c;},cy and {c;{;};cy converge to some ¢ € Ry

and 6, € R" \ {0} respectively. Hence we have c;(; — (O,g}’)) — (0,¢£)). In particular,
j

{cj(O,g;’)}jeN C {0} x I'° converges to 6, — (0,c&)). Since {0} x I'* is closed, we have
0, — (0,¢)) € {0} x I'°. Thus we have

0, = 0, — (0, c€l) + (0, c€l) € {0} x T° + {0} x T° C {0} x I®.

Thus we write 6, = (0,05) # 0. By virtue of (5.7), the sequence {(z;;¢;(;)} ey C V
satisfies

(z L5 Jg ) (050, 8//) |?Jj’ |Cj77j| 7 0.
By (1.4), this implies that (z,;6)) € T]*{,M NCr. x(V), which contradicts the hyperbolicity

condition. Hence we obtain (5.6). Further by supp (R%ﬁ/ﬂ@x (A, Cy ® Oy)) C W and
[K-S2, Corollary 5.4.9], we have

RHAomgy (M,Cy®Oy)y = Ry RHomy (M,Cy® Oy)y =
Therefore we obtain (5.5).
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In view of Propositions 3.4 and 3.5, we have by (5.5)

R%ﬂ/ﬂgx (M, W-vy(CF)) =— T]\?lefaﬂz@Y (M, CR)
! !
R%ﬂmgx(%,VN(Cﬁ)) —HTNIRFNRC%%WZ_@ (A, COO)®OJN/M

Further by (3.3), (3.4) and (5.5), we have

f]\FlR%ﬂ”Z@X (%, C]O\;) ~ R%&‘/?Z—@Y (%Y, W]\(}?N)

I

fN R%ﬂ/ﬂ@ (A, CM)—HRFNR%W?Z@ (A, CM)®WN/M

~ R%ﬂ/?l—gjy (%Y, CJO\?)

The proof is complete. O

5.4. Remark. Let V|, .# and fy: N — M be as in Theorem 5.2. Then by (3.3) and
proof of Theorem 5.2, there exists the following commutative diagram (cf. [K-S1]):

R%ﬂ/??@x (%, W—I/N(C]O\;)) _r\./_) R%ﬂmgx (%7 VN(C]?;)) — R%ﬂ/?lgjx (%, VN<@M))
| | |
TJQIR%&W@Y (,//ly, C'K,o) —_— TilR%owz@Y (%y, CJOVO) — T]\?lRéfaﬁ@Y (,//fy, '@N)'
6. HYPERBOLIC CAUCHY PROBLEM FOR (C'* FUNCTIONS.

In this section, we consider a hyperbolic Cauchy problem for C**° functions.

6.1. Theorem. Let f: N — M be a morphism of real analytic manifolds and f: Y — X
a complexification. Let' V' and A satisfy Condition 4.8. Suppose that fy is hyperbolic for
V. Then there exists the following isomorphism:

fﬁlRt%ﬂéwz%( (A, CH) ~ R%ﬁ/?i@y (Df*#,CY).
Proof. (i) Suppose that f is smooth. Then, by [K-S 3, Theorem 3.3], we have

f]Gle%ﬂowz@X(///, Cy) = RHom fﬁli_l.//l,Re%ﬂaﬁzgﬁ(@ﬁ_)M,Cﬁ))

fytim1,
~ R%&WZ@X}(.@]@_)M 7(18 Afﬁli /2 CY) ~ R%ﬁ/ﬂ@Y (Df*#,CY).

N @]\/f
(i) Suppose that f is an embedding of a closed submanifold. Restricting isomorphisms
of Theorem 5.2 to the zero-section N, we obtain:

(6.1) fﬁlR%ﬁﬂZ@X (A, C3) >~ R%ﬁ/ﬁx@y (M, CR) = R%ﬁ/ﬁx@y (Df*#,CY).
(iii) In general, we decompose f by the graph embedding:
VL7 =YxXLX  f=hogy
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Here g: Y 3 y+— (y, f(y)) € Y x X and h is the canonical projection. We identify Y with
g(Y). Set L := NxM C Z. Then Dh*.# has regular singularities along V := h,h-*(V),
and we easily see that

THLN Crey(V) = 0.
Thus by (i) and (ii) we have

fﬁlR%&mgx (A, Cy) ~ gﬁlR,%ﬂﬁm@Z (Dh* A ,C7°) ~ R%ﬁ/ﬂ@Y (Dg*Dh* ., CY)
= Romy (Df*M,CF).

The proof is complete. O

7. REMARK ON ONE-CODIMENSIONAL CASE.

In this section, we assume that N is a one-codimensional closed submanifold of M in
(3.2). Let . be a coherent f~'2,-Module. Assume that Y is non-characteristic for . .
We consider:

7.1. Condition. .Z satisfies:
f]\?lR,%ﬂaﬂz_@X (A, CH) ~ R%ﬂm@Y (M, CR).
7.2. Theorem. Assume Condition 7.1. Then there exist the following isomorphisms:

T~ I BRHomy (M C) =5 15 RAom (My,CY)

¢

R%ﬂ-ﬁ@x (M, W-vy(C3)) = TﬁlR%&Wzgy (M, CR).

Proof. Since the problem is local, we assume that X = C?xC_DY = {(z,7) € X; 7 =0}
and so on. Hence f(z,7) = 7. We set for short, v := (0;1d/dt) € TyM, p := (0;1dt),
p® = (0;—1dt) € Tz M. We identify wyy[—1] with Z, and we may prove:

R%ﬂxfzgx (,///, W_VN(C]O\;>)U ~ R%&V?Z@Y (%y, CZOVO)O .
By (3.3), (3.4) and Condition 7.1, we have
(71) R%ﬂﬂl—gjx (%, W_H’N(C]?;))p EB R%ﬂ/ﬂ@x (%, W—/JLN(CJO\;))pa — 0
Hence by Proposition 3.4, we obtain
R%&WZ@X (A, W-v)(CF)), =~ Rf%%wzgx (A W]\?[?N)O o~ Re%@/?zgy (M, CR)p -
The proof is complete. O
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7.3. Example. Let P(z,7,0,,0.) be a differential operator of order m on X, and set

) z) T

M = Dy | Dy P. Assume that P has the following form:

Y zY T

P(z,7,0,,0.) (9m+ZPZ7'8

Note that Y is non-characteristic for .#. We impose the following:

7.4. Condition. (1) There exist holomorphic functions n — A;(2,7;¢) (1 < j < m) such
that each A;(z,7;() is a polynomial with respect to ¢ of degree one, and that

0 (P) (2,7 Cm) = [T (= A2 75.0)).

(2) If (x,t) € M and £ € R", then A;(z,t;€) € R.

For P satisfying Condition 7.4 (1), Uchikoshi [Uk] defined a rational number Irr P €
[1,m]. We briefly recall the definition. Set A;(2,7,0,,0,) = 0,—\,(2,7,0,) € ['(X; 9)({1)).

9 z) T

For 1 < g < m, set &7 := {u = (Ml,-qu) ENG L <, <Smyi #j = # il
m—1
&% := {0} and &' := U &% For pp = (puy, -, pt,) € &7, we set |u] := g (with convention

0| ::O)and/l(278 0,) = A, (2,7,0,,0,) -+ A, (2,7,0,,0,) € I'(X; 2{"") with

b z2) T b z) T ) z) T

convention A° := 1. Then for any o 6 6™, we can erte

P(z,7,0,,0,) = A7(2,7,0.,0,) + Y _ (T"""a](z,7) + (2, 7,0.)) A"(2,7,0.,0,),

) 2 T ) z) T ) z) T

nes’

where ord b7 < m — |u| — 1. This expression is referred as a Lascar decomposition subor-

dinate to o. For each Lascar decomposition, we set

m — |y
= 1 .
K, = max{ l;fggli{ — |- ord bZ 1

Then, setting irr, P := min{x,; Lascar decompositions subordinate to o}, we define:
Irr P := max{irr, P; 0 € 6™}.
Then Uchikoshi proved:

7.5. Theorem ([Uk]). If P satisfies Condition 7.4 and Irr P = 1, then Condition 7.1 is
satisfied:

fglR%am@X (A, CHy) ~ R%”Mz% (My,CF) = (OF)E™
Hence in this case, Theorem 7.2 holds.
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