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Abstract: We obtain a limit theorem of a 1-dimensional sticky reflected random
walk X} with state space [0,00). X} behaves like a normal random walk if it is away
from the origin. Once X reaches to 0, it stays 0 for a while and is repelled to the
positive region. We consider a tightness of X and a martingale problem for a
discontinuous function.

1 Introduction
Let py, A € (0,1], be probability distributions on R, p3.,A € (0,1], be probabil-

ity distributions on (0,00), and p* € (0,1], A € (0,1]. We assume the following.
(A.1) There exist constants a > 0 and K > 0 such that

sup /e“'x,uf}v(dx) < 00,

Ae(0,1] JR

/:Euf,‘v(dx) < K\, /x4,uf>v(dx)~|—/ :E4M>Z‘+(dx) < KM, A€ (0,1].
R R 0

(A.2) There exist constants 0 > 0,mz, > 0 and p > 0 such that
lm A2 [ 22uy (dz) = o2, lim A7 zpy, (dz) = myy, im A™'p* = p.
A—0 R A—0 0 A—0
For each A € (0,1], let {W2}e2,,{Z2}22, be families of random variables defined
on (2, F, P) satistying the following conditions.
(1) W) Z)n=1,2,---, are independent,
(2) W2 n=1,2,---, have the same probability law 3y,
(3) Z),n=1,2,---, have the same probability law, Z} > 0 a.s.,
P(Z)=0)=1-—p* and P(Z) € dz|Z} > 0) = p, (dz),n = 1,2,



Let myw (A), v (A, p),mz(A\),v(\,p),mz(N) and vz, (N, p), A € (0,1], p € (1,00),
be given by the following.

() = [ i) whp) = [ o= m (P ().
my(\) = p* £E>Z\+d33, v(A\,p) = x|y (d :Ep%+d:v,
) pAm)u( ) () A}ML<>yL@Hu (dz)

7w4m:[ ﬁ@#ﬂhcwiwAXMZﬂ/ 2?1, (da).
0,00

(0,00)

Let F,, = F) = o(W2,Z2;0 < m < n). We define a family of random variables
{X M)}, for each z € [0,00) and X € (0, 1], inductively by

Xé\(:c) =z
(Xa(2) + Wiiy) VO, X (x) >0,

X?’)L\-‘rl( ) =

Zh X2e) =0,
Then we see that {X ()}, is a Markov process. Let
Sh(x) =z + Y W, e (0,1],
k=1

7(x) = 7(z) = inf{n > 0; X}(x) = 0} = inf{n > 0; S} (z) < 0},

and o
c()\,n):E[e oWl}.

We assume following furthermore.

(B.2) lim,_o limy_g /OO [ )@ (=AT82 0 ()] iy (da)
0
= h_mnﬂo h_m)\ﬂ() A E [C()\777>_T(I) (_)\_157/} x)(‘r))] /’L%Jr(dx) = ﬁ

1 o _ V2 gA V21
] ] _ :E) o ‘r(z (:C) —_ A A
(B.3) }]13%/1\15% )\\/T_I/o E[ (Am)T ( ) 14+ Y g rw (@ ))} pizy (dix)
p— O'

Let us define stochastic processes {(X}(z), gt)\)}te[o,oo) by

X7 (@) = Xp-ag (@) + A7t = A2 (X2 () = Xz (@), (1)



50 = Sz (0) + (72 = P (SR 2141 (0) = 53-29(0)), (2)

and Q* be the probability measure induced by {()??(x), Uflgﬁ)}te[om) on
(C([0,00); R?), B(C([0,00); R?))).

Let {Wt}te[gm) be the Wiener process. Let X; be a solution to the following
stochastic differential equation.

t t
X, =29+ a/ L(0,00) (Xs)dW, + 6/ Loy (Xs)ds,
0 0

and
X; >0, t>0, a.s.

This Stochastic Differential Equation has a unique solution called 1-dimensional
sticky Brownian motion. (see lkeda-Watanabe [4], p.222, Theorem 7.2.) Let Q be
the probability law of {(X¢, W;)}epo,o0) 0n (C([0,00); R?), B(C([0,00); R?))). Our
main theorem is the following.

Theorem 1 Q*converges weakly to Q as X | 0.

The limit theorem of a discrete process to this sticky Brownian motion has been
studied Amir[1] and Harrison-Lemoine[6]. But both of them only consider special
cases.

In this paper, we show the tightness of the distribution of { X}(z)}52, in section 2.
In section 3, we consider the sojourn time of {X(2)}°%, at 0 which is important for
the proof of our main theorem. In section 6, we solve martingale problem and prove
our main theorem. In section 7, we show some examples and sufficient conditions of
the assumption of the main theorem.

2 Tightness of {X(z)}

In this section, we only assume (A.1) and (A.2). Let {M)(z)}, {Y.Mz)}, {a}(z)},
{AX(x)} be random variables given by

M () = Y Loeo) (XR (@) (Wi — mw(N),

V(@) = ) Loso) (Xp(@))mw (3),

ag—‘rl(m) = X7)L\+1(ZE) - Xg(x) - 1(0100) (X'r)L\(a?))Wri\-{-h n = 07 17 2. )



and
n+1

Aa(@) =) ai(@).

Then we see that X)) =z + M) (x) + (Y} (z) + A)(x)).

Proposition 2 For any p € (1,00), there exists a constant C, > 0 such that
E[| X} (z) — X, (2)[*]

< Cp {(mW()‘))Qp‘n - m‘Qp + UW()‘a 2]))’71 - m‘p + U()‘> 2p)’n - m’} )
n,m e N,m < n.
Proof. Step.1 First, we show the following claim.
Claim.

l

> (R —mw ()

k=m

\Xfl‘(:c)—X%(x)] < 3 max

m<Ii<n

+2(n—m)|mw(A\)|+2 max |ap(x)|.

m<k<n

Let us prove Claim. In the case min Xj(z) > 0, we have
m<k<n

n

> (W —mw (X))

k=m-+1

X (@) — X (2)] < + (0 —m)[mw(A)],

and so we have our assertion.

Suppose that min X (z) = 0. Let r;, = max{m < k < n; X} (x) = 0} and

m<k<n
ro = min{m < k < n; X(x) = 0}, we have

Xo(z) = X7 (@) = (M (2) = M (2)) + (Vi (@) = Y73) + a7 4,

n

X0 (@) = X () = (M () — My, (@) + (Y5 — Yo (2)) + an

o7
and

X} - X} =0.
Note that

ro—1

> (W —mw(\)

k=m

< max

m<I<n

M, = My, ()] =




A A
M) - M < e [S002 W<A>>‘
n -1 l
A A A
< max ;(Wk — () = 3 (W —mw (X)) <2 ma, ;(Wk mw (X))
(V@) = Y2) + (V) !<Z!mw )| < 2(n —m)[mw (A,
and

@741l + o, | < 2 max Jaj(z)].

So we have our Claim.

Step.2  Note that

2p
<mm il >‘)

Using Claim, we have

n

ST (IWRIVIZANT| < In - mlu(A, 2p).

k=m-+1

E <E

E [|X)(x) — X ()] >
2p %

+2(n—m)mw (\)| +2(n—m)z {v(), 2p)} 7.

l

> (W —myw (X))

k=m

< 3E | max
m<I<n

Since Z(Wk)‘ —mw (X)), > m,isa martingale, we see by Burkholder’s inequality

1
p] 2p
n

(n—m+ 1 S (07 mw<A>>2P] L <Gy —mt D own,2p)F

k=m

k=m

that there exists a constant C}, depending only on p such that

1
2p| 2

<C,E

l

> (R —mw (V)

=m

n

> (W —mw(N)*

k=m

E | max
m<i<n

1

< C,E

This completes the proof. [



Proposition 3 For any p € [2,00) there exists a constant C,, such that

E max X (@) = X, ()]

0<m<n<2N n—-m<K

< C2"{(mw (W) K +ow (N, 2p) K77 + 0N\, 2p)K}, NeN, 1<K <2V,

Proof. We define ng/,my, K =1,2,--- /N +1, by
ny = max{k2V ¥k e N, g2V 7K+ < n},

and
my = min{kQN/_k/H; ke N, k2N =K+ > m}

for n, m satisfying m < n, n—m < 2V'*!, 0 < N’ < N — 1. Then we have
| X (z) — X ()]

<D X, (@) = X0 (@] + 10 () — |+Z|X%,€, — X, (@),

K =1
So we have

max X (@) — |<22 max | X7y (z) — X()}f—1)2l($)|’

0<m<n<2N n—m<2N’+1 1<k<2N-1

Using Holder’s inequality and Proposition 2, we have

Bl me X0 - X0

0<m<n<2N n—m<2N'+1

N -1
l
. {224p_2} {22 e 221<x>—X€k_1>gz<x>|2p}

2N/+1 1 BN
4p—2 —
<4 {ﬁ} D 2 EIC, {(m ()2 v (0, 29)2" + v(3, 2)2" )
w2 — 1=0
ot 9(2-3)(V'+1) _ g
< 4p N 2p
e A L e
2(p_-)(N'+1) 1 95(N'+1) _ q
A2 A\ 2D)——— ¢.
+UW( 9 p) 2(17—%) 1 +'U( ) p) %_1 }
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So there exists a constant C’I’D such that

Bl mex X0 - 0]

0<m<n<2N n—m<2N'+1

<Gt {(mw<A>>2p<2N’>2p*l +ow (A, 2p) 2V )P+ u(, 2p>2N’}

for any N, N’ € N satisfying 0 < N’ < N. Therefore we have

Bl m X0 - X))

0<m<n<2N n—-m<K
< Cp2N{(mw (V)P K~ + o (A, 2p) KP ™ + v(), 2p) K },

for any constant K satisfying 2V < K < 2N'+1. This completes the proof. [ ]

We define (X}, S}), ¢ € [0,7], by Equations (1) and (2) . Then we have the
following.

Proposition 4 For any T > 0,

lim imE sup |Xt)‘ — XS)‘| =0, limE | sup |Xt)‘|4 < 00,
£=0 A=0 | 0<s<t<T, t—s<e A—=0 lo<t<T
lim limE sup 1S} — S2*| =0, and TmE | sup |S}*] < c0.
e=0 A=0 | 0<s<t<T, t—s<e A=0 o<t

Proof. We may assume that A < /7. Let N be an integer satisfying 2V-! <
AT <2V —1.If 0<s<t<T,andt—s <e¢, then 0 < [\ 2s] <[\ 2] +1 <2V,
and N2 +1—[A"2s] < A2 (t—s)+2 < 2NT e+ 2. Let k = [A\72s], and | = [\ 72¢].
By Assumption (A.1) and Proposition 3, we see that there exist constants Cy and
K such that

0]

0<s<t<T, t—s<e

sup X7 () — X7 ()"
0<Ek<I+1<2N  [+1-k<2NT—1c42

<E

N 4 T ! Nm—1 3 2 T 2 Nmp—1



+K (25_1)2 (28T e 4 2) } .

If A\ =0, then N — oo. So we have

TmE { sup | X} — )’Zjﬂ < CoT{K*® + 2Ke}.

A=0 | 0<s<t<T, t—s<e

Therefore we have

T T E { sp |XA— ;?3;4] o

=0 A=0 | 0<s<t<T, t—s<e

Furthermore, if t =0 and € = T', we have

limE { sup |)?8)‘|4] < 00.

A=0 | o<s<T

By similar argument for {S}}, we have our assertion. n

We have the following by Proposition 4 and Billingsley [3], Theorem 7.3, p.82.

Corollary 5 {Q*;n > 0} is tight as probability measures on C([0,00); R?), if
An 10, n— 00.

3 Sojourn time of {X)(z)} at 0

From this Section, we assume Assumption (B.1)-(B.3) throughout this paper. Our
main purpose in this section is to show the following Theorem.

Theorem 6 For any x > 0,

g

lim lim A*/2n E

n—0 A—0

Z c()\,n)‘"l{o}(XQ(;c))] G

n=0

We show some propositions before proving Theorem 6. Let a be the constant in

Assumption (A.1). Let ¢(\,n) = E [e‘gwﬂ . Note that ¢(A\,n) > 1 by Jensen’s

1
e —1—1x— —2?

inequality. Since 5

1
< 6|x|3e|$|, we have the following.




. V2
Proposition 7 For anyn € | 0, ?aa ,

-1
hm C<)\7 77)

_ : A2 o
lim \2 =n and }\lil[l) c(A,n)t =e

Let 7(x) and o(x) be stopping times given by
7(z) = ™ (z) = inf{n > 0; X }(x) = 0},

and
o(z) = o*z) = inf{n > 7(z); X} (x) > 0}.

Then we have the following.

2
Proposition 8 For any A € (0,1], n € (0, %aa) and x > 0,

-
E [c()\, n)*T(:”)e*%S%)(x), T(x) < oo] =e

‘8
<

Proof. We have

E [e—@sz+1<x>|fn] — TSR [e‘@wﬁ] = e RO\, ).

— S @)

Let M,, = c¢(\,n) "e . Then M, is a martingale, and so we have

_ V2,
E[Mn/\‘r(x)] =€ - .

By Fatou’s Lemma, we have

E c(/\ﬂl)iT(z)ei@ i(z)vT(x) <oo| < 1igng[MnAT(w)] < 67@
On the other hand, we have
_V2gr (g
Mpr(z) < 1{T(x)<oo}c()\,77)_T(m)e = 52 (@) +1.
Therefore by bounded convergence therorem, we have
V20
E C()\777)7T($)67Tn57)—\(z)(m)’T(I’) < 0| = hm E[Mn/\T(m)] = 67@‘%‘

n—oo



Proposition 9 Suppose that {v>*}\e(0.1],ae(0,1] 45 @ family of distributions on [0, 0o)satisfying

sup sup / |22 (dx) < 0o. Then we have
A€(0,1] a€[0,1] Jo

2 [e.e]
lim lim sup \/_/ E[l —c(A\,n)™ (””)] AM(dr) < Z sup  sup / x vM(d).
]

1=0 X=0 4e0,1] 0 Xe(0,1] a€(0,1

Proof. By Proposition 7, there exists a constant A;(n) € (0,1] for each n €
2 2
0, \/?—aa such that 1 < ¢(\,n)*" < €1, for any A € (0, \;(n)]. We fix n for a

while. Let a(\) be a constant satisfying

/ E[1 — ¢ 2M1 @) N (dg) > sup / E[1 — e 2T @A (dr) — A,
[0,00) [0,00)

a€0,1]

and let {\,,} be a sequence such that \,, | 0, m — oo, and

lim E[l—¢ 2 A7"(“3)] Amsa@m) () = Tim sup / E[l—e_Qn’\leA(m)]l/A’a(dx).
m—o0 Jio 00) A=04¢(0,1] J[0,00)

Let " denote prmem) - Since sup  sup / |22 (dx) < oo, there exists a
A€(0,1] a€l0,1]

subsequence { A, } of {A,,} such that 1] converges weakly to a probability measure
vy. Let €4 X € (0,1],a € [0,1] be a random variable such that its distribution is
v and it is independent to {W>}. Let 5} = &* 0‘—1—5[/\ 2+ A=A WA 20
P?* be the distribution of Brownian motion whose variance is ¢ and its initial value
is © and E” denote the expectation under P*. Also, let 7(¢) = 7(e,w) = inf{t >
O;w(t) < —e}, w € C([0,00); R). Then we see by invariance principle that for any
t>0and e >0,

e [P (O™ (o) <) 1) > P (guin 5 < 5
[0,00)

0<s<t
£
> P* | min w(s <——)V dx Z/ P*(7(e) <t)v,(dz).
[P (i) <=5 ) i) = [ Priete) < i
So we have .
lim sup — E[1 — ¢(\,n) 7@ e (dx)

A—0 a€l0,7] v J[0,00)

w1 2 _Amy
S llm — / E[l — 6_27](Aml) 71 ($):|le (dx)
l—0o0 \/ﬁ [0,00) n

10



:zlir?o_n{ /[Ooo /OOO 202" P (M) (z) < £) 17 (de) dt}

2
< — sup sup / (z +¢) vM(dx),
[0,00)

0 Xe[0,1] a€[0,T]

2
for any ¢ > 0 and n € <0, %J@) . This implies our assertion. [ ]

o0

Let h(\,n) = Z cA, ) oAl = pa)" = =0 T]Z;)—\l(l .t Then we have

n=0
the following by Proposition 7.

A1 — h(A 1 2
Proposition 10 lim M = — foranyn e |0, \/—_Ja .
=0 1—c(A\np)~t  p 8

Proposition 11

V2(mzy + 5)

o

ity L (1= 0000 [ Bl ) (0| =

n—0 A—0 \/ﬁ

1 —
Proof. Note that 0 < e™* —1+x < §x2, x > 0. Since }\in%)\_%ZJr()\,Q) < oo by
Assumption (A.2), we have

1 o 27 \/2
lim lim —— (e_gz -1+ —nx) (. (dz) = 0. (3)
o

7—0 A—0 \/_

By Proposition 8, we have

1
AV

]_ /oo |: _ \/Wsk \/27’]
= —— | E|cO, T@)( 7 S 4 YELgh :1:)1 . (dx
W/ (Asm) o ()( ) || Hz(dx)

11

1 [T Bl )




2
LV2
g

{/OOO E [c(A,n) 77" (=X, (2))] pyy (dz) + A7 /OOO xué+(das)}

1 > 7 V2
(ee_x -1+ Tnx) 1y (dx).

Wl
By Assumptions (B.2), (B.3) and Equation (3), we have
B PR )] _ V2mzy +0)
i i = 1= [ Bl ) T ()| - LR

On the other hand, we have

R T BleOu @A (e

7 (1) B )
_1_h()‘777) 1 = —7(z)7, A
S v R | = e ().
1 —h(A\n)

Since lim lim = 0 by Propositions 7 and 10, we have our assertion from

n—0A—=0 A/
Equation (4). n

Now let us prove Theorem 6. By the Storong Markov Property of { X))},

E [C<)‘7 77>_U(x)7X¢i\(:v)(x) € A} =E [C(Aaﬁ)_T(m)} h()‘v U)M%Jr(A)'

So we have

E ) e\ n) "oy (X)(x))

n=0

=B e\ )T — (A, )]

+E [e(A

1 - C()\v /’7)_1

+MAnXAwE

:Ekarmq{jjjgﬂl

12



Integrating both sides by p7, (dy), we see that
:/“ 1 —h(A\n) E [c(\n) "] py. (dy)
1— B -
’ ™ An/ E [c(A.n) (y]um(dy)
0

Sustituting this in Equation (5), we have

Z (A n) ) (X (y))] 1y (dy)

A2/ E

> )1y (540)|
> c —7(z)1, A T
ey ML= O ) M, Bl )l )
Bl ™I o [V _
: 1— h(A,n)/O E[c(\, 1)y, (dz)

Therefore we have our assertion by Propositions 9, 10 and 11. ]

4 Preparations for Martingale Problem

Proposition 12 There exists a constant C' satisfying the following. For any e > 0,
there exists a A. > 0 such that

N—1
D> Nlgo (X (@)
n=1

In paticular, we have

< CeE [|Xp(x)]], A€ (0,\], N eN.

A2%]
lig T | 3~ X0 (X)) | =0
n=0

Proof. Step.1 First, we show the following.
Claim. There exists a constant C' > 0 satisfying the following. For any ¢ € (0, 1]
there exists a constant A. € (0, 1] such that

/ 2% iy (dr) > CN?, X e (0, )]
[0,¢]

13



By Assumption (A.2), there exists a constant Ay € (0, 1] such that

{/Rx“W } {/ a3 dx} >/R$2u€v(da:)2%zv, A € (0, Ao).

1
Let K > 0 be a constant in Assumption (A.1) and let C' = 3 (%) K~2. Then we

wlw

have
[ Jslidy ) 2 200, ne (0.0
R

Since / rpy (dr) = —/ zp3y (dr) by Assumption (B.1), we have
[0,00) (=0,0)

/ ruyy (dz) > CA.
[0,00)

So we have

2
/ xmwx)z( / xuév<dx>) [ eudtan
[0,e] [0,00) [e,00)

1 K
> %\ — 5_2/ oty (d) > C?A? — gxl, A€ (0, \o].
[0,00)

1
Letting A\. = min {)\0, §CK_%5}, we have our Claim.

Step.2 Let
x2, (0 <z < 2¢),
flx) = 4dex —4e?, (x> 2e),
0, (x <0).

9(z,y) = flx+y) — f(x) — f(2)y.

Then we have g(z,y) > 0, also we have g(z,y) = y?, 0 <2 <¢g 0<y<e
Therefore we have

a0 E {f(XnH( ) = F(XNa))

g

> 1ixp@)>0 B {f(Xé(l’) + W) = f(XG0(@) — (X)W

g

9(X (@), )y (dy) > Lo (X2(2)) /[ Vi)

> 109 (X2 (2)) /

R

14



> ON1 00 (X (2)), A€ (0,A].

n

Note that (X, (z)) — f(X)(z)) = f(Z),1) =0, if X} x) =0. So we have

B {f(XM:v)) X))

fn] > ON100)(Xp(2)), A€ (0,A].

Because 0 < f(x) < 4e|x|, we have

E

N-—1
> Nlo(X)(x))
n=0

< SE (@)~ f@)] < 2B [IXA@], A€ (0.0

This shows the first assertion. Then Proposition 4 implies our second assertion.
|

Let 7(x,t) = inf{n > [\72t]; X(z) = 0}. Then we have the following.

Proposition 13 /l\ir% sup E [C(A,n)’T(O’s)ai(ovs)} =0 for any t > 0.
—V s€[0,t]

Proof. If [(n —1)A7%] < 7(0,5) < [nA™2], then we have

—7(0,s —l(n— -2
C()‘777) (© )CLT(O,S) < C()‘777) [(n=D)A ]0<n52?7§\—2] ’Wn);‘

Let K be a constant in Assumption (A.1). Then we have

(A 2n] i
B W] < E P <A P+ 1)iAK
[M%X%}\Wm@ < mz:% WA Y < (2 DK

So we have

S

sup B [e(\,n) 7 Mal )] <D e n) IO 4 1)K,

ke[0,t] n—1

Therefore we have our assertion from Propsition 7. ]



Proposition 14

o = . of3
lim lim /27 ;C L(0,00) (X ( ))1{0}(X2+1($))aﬁ+1(f)] =g 18
Proof. Let
g(\n) = /RE Zc()\,n)”(1(0’00)(Xfl‘(y)))1(0)(X,i‘+1(y))a2+1(y)] M)Z\+(dy)'
n=0
By the Strong Markov Property of {X(z)}, we have
Z "Lo,00) (X (x ))1{0}(Xr;\+1($))a2+1<$>]
n=0
E[c(A\,n) T a) , (2)] + E )TIE | Y e(A )T
n=0
X (10,00) (X (1)) Loy (X701 (9))an 4 (y) ] ]
y:X;(x)(:L")
= —E[c(\,n) TSN (@)] + Ele(A\, n) TR, n)g(A,n). (6)
Integrating both sides by u}, (dz), we have
) | Blelnn) ™ (=84l ()
g\ n) = = - :
—h) | Bl O ()
Therefore, by Assumption (B.2) and Proposition 11, we have
B
lim lim /2ng(A 7
nlirtl),\lm ng(A. 1) mzur —i—ﬂ ()
Furthermore, by Proposition 13, we have
(@)+1 QA _
lim 1im +/2nE[e(, 1) 570 (2)] = 0. (8)
So we have our assertion from Equations (6), (7) and (8). n

Remind that 6 = p(myz, + ). Then we have the following,.

16



Proposition 15

lim lim /27E | 3 (X n) ™" {Xo4(2) = X3 () = N4y (X (@)} | = 0.

0
n=0

Proof. Note that

E [1{0}(X (z ))1(0 w)(Xﬁ\ﬂ(x))Zé\H] =E [1{0}(Xr)[(x))E[1(0700)(X$+1(x))zfz\+1|fn]]

= pamz(ME [0 (X7 ()] - (9)

Since

E ) c\ “'nﬂ<>—xm@4

n=0

[e.e]

ZC oy (X ( )10, 00)(XY)L\+1(x))Z1i\+1

n=0

+E

> el 1) 00 (X (@) {Wky + 1{0}(Xn+1($))a2+1(56)}] :

we have, by Equation (9), Theorem 6 and Proposition 14,

/9 A —
So we have our assertion by Theorem 6. ]
Proposition 16
[A~2s]
lim lim sup | E c(A A1y (X220 =0
n+1 {0} n
N—0A=0 5¢[0,4 =0
Proof. Let
E (> chn nﬂ<>—Xﬁm}—6§jdxmﬁuﬁmmem1
n=0 n=0

17



Then we have, by the strong Markov property,

7(0,s)—1
E| S cn) ™{X)(0) — X2(0) — 032110y (X,(0))}

n=0

— \/L?_n [1—E[e(A,n) "] |g(A,n).

Let v»* be the distribution of X[/}\,Qs](O). Then we have

[1 = E[e(A,n) 7]

1
lim lim sup ——
n—0A—0 s€[0,t] V 277

1— (A, ) P /

R

= lim lim sup

1
n—0A—0 s€[0,t] V 277 |:

2
< £ sup sup E |:|X[)/\\—2s](0)|:| < 00,
0 \e(0,1] s€[0,t]

E [c()\, 77)771)(9”)] I/\’S(dx)]

by Propositions 7 and 9. Because lin% }\ir% lg(A\,n)| = 0 by Proposition 15, we have
n—0 A\—

7(0,5)—1
lim fim sup B 2 (A ) {X011(0) = X2(0) — 0N Loy (X(0))} | | = 0.
(10)
Let M, = z”: e\, n) "W, n > [A7%s] + 1. Then M, is a square-integrable
martingalekl;[/)\ ;;]g;osition 7 and Assumption (A.1). So, by Proposition 13, we have

7(0,s)—1
lim sup (B | ) e(An) " {X044(0) — X2(0) = 6X°10,(X(0))}
A0 s€[0.1] n=[A"2s]+1
1 —7(0,8)+1 A _
- }\li)% 8561[101’;] E [M’T(O,S) + C()\, 77) () a’T(O,S)] = 0.
Therefore we have our assertion by this equation and Equation (10). |

Corollary 17

P=2s)
lim lim sup [B | > {X},(0) — X}(0) = A1) (X7,,(0) } | | = 0.
n=0

N0 A=0 5¢(0,4

18



Proof. Since

[A~2s]
sup |E (1= e\ ) " H{X41(0) = X(0) — 6N 10y (X341 (0))}
s€[0,t] =0
25
< sup { (1= )™ NE XA 21, (0)]]
s€[0,t]
[A~2s]
tE ()™ = (A )™ ) |X3(0)] } +H(E+ 1)1 = (A ) ),
n=1
Then we have our assertion by Propositions 2, 4, 7 and 16. ]

Proposition 18 Let {G2} be an F)—measurable random variable satisfying
sup sup |G (w)| < oo, and let g € C}(R?; R) such that g(z,y) = 0,

xe(0,1] nw

(x,y) € [0,e] x R, for some constant € > 0. Then we have

lim E
A—0

2
{ 5 {00020, 820 (0) — o(X20). 52

n=[A"2s]

= 0.

——)\2 o +2 > —1—8—2 (XN (), SH () G
2 0z ' “0xdy | 0y I L) 2n A =2s]

Proof. Let M > 0 be a constant satisfying /\51(10[)” sup |G (w)| < M, and
€(0,1] nyw

l+m
0 (x,y)’ < M. We define I*, I}, k=1,2,--- 5 as follows.

dxldy™m

sup ma.
(z,y)ER2 0<l+m<3

21
P —E { S {(X,m ). S)1(2) — g(X) (1), SA(x)

n=[A"2s]




B=E D 4002@). S (S ) - 5 >>}G[A .
n=[A"2s]

A2 o

p=le { > e sien] o >—X2<x>>2—oﬁ2}}eu .
=2
2] 9

n=le { :M%gm(wﬁ( {S2ate) - s,i(:c))?—a?v}}eﬁm ,

and
A2 9

p-v | ¥ T s - s - sio)
n=[A"2s]

—0'2)\2} } G[/\ 28]]

First we will show lim I,;\ =0, k = 1,2,3,4,5. It is obvious that I3 = 0 and

A—0

0
;in% |1 = 0. Since a—g(w,y) =0, (z,y) € [0,¢] x R, we have
- T

A2
1>\| < M’E 1 (£,00) )1{0}(X£‘+1(I))a2+1(x)
|1
n=[xA"2s]
2] A 2t]
< M? Z E[[Wo [ W, < —e] < M? Z [ W, +1|4}
n=[A"2s] n=[A"2s]

So we have }\ir% |I}| = 0, by Assumption (A.1). Similarly we have
A O T [T
;{%‘1—3’ =0, l{%‘% =0.
5
Poy

=1
we have for any (z1,y1), ($2>y2) € R?,

= 0. Since sup max
(z,y)ER2 I+m=3

Next we will show lim

A—0

83g
<

0 0
9(1’17 yl) —9(352, yz) - %9(351, yl)(xl —332) - G_yg(xl’ yl)(yl —y2)

20



1 02 1 02
—5@9@17%)(%1 - 952)2 - 58—y29($1,y1)(y1 - y2)2
82
—awyg(ﬂﬁh Y1) (71 — 22)(y1 — Y2)

4
< gM{|$1 — 2o|® + |y1 — yal*}

Since | X)) 1 (z) — X (z)| < Wiy | V| Z)) 4], we have
5 N A2 ,
D=3 R <M Y E[WPVIZ ] < 3MP(E - s + DAA oA 4)}
k=1 n=[A"2s]
5
So we have }\im0 ™ — Z I}| = 0. This implies our assertion. ]
k=1

Corollary 19 Let {G)} be an F)—measurable random variable satisfying

sup sup |Gh(w)| < oo, and g € C} satisfy g (0) =0, k= 0,1,2. Then we have
A€(0,1] nw

2 )
] 9 1
lim B Z}{g(X,iH(x»—g(Xs(x))—gvg )} G| =0

n=[A"2s

Proof. Let M > 0 be a constant satisfying sup sup|Gp(w)| < M, and [¢g¥| <
Ae(0,1] nw
M, k=0,1,2,3, and ¢ € C* be a non-decreasing function such that

1
O, T e (—OO, §:| s

1, ze€ll,00).

p(z) =

Then there exists a constant C' > 1 such that [p®(z)| < C, k=1,2,3.
Let p.(z) = p(e7'z), and g.(z) = ¢.(z)g(x), for any € € (0,1]. Then g.(z) = g(z)

for € [e,00), and ¢¥(z) = 0, k = 0,1,2,3, for z € [O,g]. For z € [0,¢],

we have |¢"(z)| =

/ g”’(y)dy‘ < Me, |¢'(z)] < Me?, and |g(x)| < Me3. Since
0

¥ ()] < g k = 0,1,2,3, we have [gl(z)| < 2MC<e, |g!(z)] < 4MCe, and
|92 ()| < 8MC.

21



A2 9
PO=8[] 3 {00060 - 000 - TN} 6y
n=[A"2s]

Then we have /l\irr(l] |I*(¢)| = 0, by Proposition 18. Let h.(z) = (1 — ¢.(z))g(x), and

-2
(A=) o2

PO=B|{ ¥ {na@) - nxe) - SR ] {6

n=[A"2s]
Since h.(z) = h!(x) =0, |h!(z)| < 4MCe,and |h.(x)| < Me3 forz =0, z € [, 00),

€
we have )

JMe) < 2ME + 4M20%5(t —s+1).

Therefore we have lir% }\iH(l) J*(e) = 0. This completes the proof. n

5 Proof of Theorem 1
Fix zo > 0, and let
XD = X2y (w0) + (A7 = N2 (XD 241 (w0) — X2 (20)),
S = SA -z (o) + (A2 — N20) (S 211 (20) — Sz (o).

Let Q* be the distribution of (X, 0715}). Suppose that {\,}2°_, is a subsequence
such that A, | 0,m — oo, and Q" converges weakly to a disutribution Q on
(C([0,0); R?). Let EQ denote the expectation under Q. Let

X; = Xy(w) = wi(t), Wy = Wi(w) = wy(t), w= (w,wy) € C([0,0); R?),

and
G = o(X(w), Wy(w);0 < 5 < t).
For f € C3(R), let

2
g "

M = f(X0) = F(Xo) - ?/0 (1= 1oy (X)) f1(Xu)du =3 | 1oy (Xu) F(Xu)du.

By Proposition 4, we have the following.
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Proposition 20 Let g € C}(R;R), and G € Cy(R*;R). For any 0 < s < t < oo,
and the partition 0 < s1 < §9 < --- < 8, < 8, we have

EQ [ / (X Gl(w(s), - w(s)

Am2t]
—%E%OEQM Z A2 9(Xoz )G((w(s1), -+, w(sn))
n= [ms]

Proposition 21 If f(z) = z, then M is a G,—martingale.

Proof. Let G € Cy(R?;R), such that there exists a constant M > 0 satisfy-

ing sup |G(z)| < M, and let ¢(x) be a smooth generalized monotone decreasing
zeR2"
function satisfying following.

We define p.(z) = ¢ (e7'z), for € € (0,1]. Since f'(x) =1, and f”(z) = 0, we have

t
MP M =X, - X, - 5/ Loy (Xu)du

= X=X [ [ (X~ 1y ()

For any partition 0 < §7 < 59 < --- < 5, < 5, we have

oo [ x| t o) Gl s, )

A2t]
{ > {XWW)—XAan—éxfnl{O}(XA%n)}}

n=[Am2s]

= lim EQ™"

m—00
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Amt]

=A% Y (9(Xgn) — Liop(Xazn)) }G((w(sl)w-- yw(sn)) |,

n=[Am2s]

by Propositions 2 and 20. By Proposition 12, we have

nt]
lim lim EQ)\m Z )\7271 (§0€<X/\3nn) - 1{0}(X)\3nn)) G((U)(Sl), T 7w(5n))

e—0 m—oo
n=[Am2s]

1]
< T T 2 "’)\m —0.
< lim lim ME [E Z}Aml(o,a(Xn )| =0
n=[An"s

So we have by Corollary 17

im0 [ {0 = =5 [ e Gllatsn. - uts)]| =0

On the other hand, since ¢ (x) — Loy (z) — 0, and |p-(x)| < 1, we have by Bounded
Convergence Theorem,

lim
e—0

29 [{ [ (o) = () s (oot | =

This completes the proof. [

Proposition 22 If f(x) € C} satisfies f(0) = f'(0) = 0, then M is Gi—martingale.

Proof. Let G € Cy(R*™;R), and let M > 0 be a constant satisfying sup |G(z)] <
zER2"

M, sup|f®(z)| < M, k=0,1,2,3. Also let € € (0,1], a = 2e2(f"(e)e — f"(¢))
T€ER
and b= e (2f"(e) — f"(e)e). Let

ar + b, x € [0,¢],
he(z) =
f/,/(x)7 x Z 67

o= [ [ [ ntwywdzay

24
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Then f. € C}, and f.(0) = fL(0) = f(0) = 0, for any ¢ € (0, 1]. For any partition
0<s51<89< <8, <s, we have

EQ [{Mgm B Mim} Glw(s1), - ,w(sn))}

- i 89 [{00) - 2000 - 5 [ i G(aten. - uten))]

A2, 1]
. m g
= nlblinoo EQA {fs(XAEn(n+1)) - fs(X)\%Ln) - §>‘i1f;/(X)\$nn)}
n=[A2,s]

G(w<51>7 e ,U)(Sn)) ] )

by Proposition 20. So Ml is a G,—martingale by Corollary 19.
c 1
Since f!'(¢) :/ he(w)dw = 5@82—1-65 = f"(e), and f"(z) = f"(z), = € [e,0),
0

we have

f'(x) = f(x), = € [g,00).
Sowe have sup [/"(r) — ()] < M+ 3lale? + bz < 6M. Since f(0) = £1(0) =0,

z€[0,¢]
we have

sup | f'(z) — fi(z)] < 6Me.

zeR
Therefore

‘EQ [{(Mt[f] — MUy — (M - Mifa]>}G<w(51)’... ,w(sn))”

EQ

{ (f(Xe) = [(Xy)) = (F(Xo) = fo(X))

t
< 6M?EQ[|X,| + | X,|] + 3M?0E® l / Lio,) (Xu)du] :

Since we have EQ [|X;| + |X,|] < oo by Proposition 4, we have our assertion by
taking € — 0. [ ]

The following is an easy consequence of Propositions 4 and 22.
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Corollary 23 If f(z) € C® satisfies f(0) = f'(0) = 0, and max{|f(z)],|f"(z)|} <
C(1+ |z|?), then MY is a G,—martingale.

Let g(z) = f(z) — f(0) — f(0)x, for f(x) € C}, then we have ¢g(0) = ¢'(0) =
0, max{|g(z)[,¢"(x)|} < C(1+[z[*), and f(z) = f(0) + f'(0)z + g(z). So we have
the following by Propositions 21 and 23.

Proposition 24 For any f(x) € G, MY is a G,—martingale.

By Tkeda-Wtanabe [4], p.222, Theorems 7.1 and 7.2, we see that M, = X, —xo —
t
5/ L0y (Xs)ds is a Gi-martingale and
0

t t
Mt = / 1(0’00)(Xs)dMs, <M>t = 0'2/ ]_(0700) (Xs)ds (11)

0 0

By Propositions 18 and 20, we have the following.

Proposition 25 If f(z,y) € Cy(R*R) satisfies f(x,y) = 0, (z,y) € [0,¢] x R,

02 t 82 62 82
then f(Xy, Wy) — 7/0 <@ + 28x8y + G_yz) f(Xs, Wy)ds is a Gi—martingale.

Also, we have the following.

Proposition 26
t
Mt = 0’/ 1(0,00)(XS)dWS.
0

t
Proof. Let Ny = M; — 0/ 1(0,00)(Xs)dW;. Then by Equation (11), we have
0

()= ( [ 1o - awy)

0
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_ /0 10,00 (Xo) (d(M)y — 20d(M, W), + o2d(W),)

— 20 [ Lo (X (ods - a2 7))

Let g € C}(R%*R) such that g(z,y) =0, |z| < ¢, for some € > 0. Then

0.2 t 62 82 62
9(X4, Sy) — g(x,0) — 7/0 (c%? + 28m8y + 8y2) g(Xs, Wy)ds

is a martingale by Proposition 18. On the other hand,

1 t 62 t 82
g(Xtyst) —g(:c,O) - 5/(; @Q(X&Ws)d(M)S + . axayg<X37Ws)d<M7 W>s
1 [t o?
S
+2 . aygg( s Ws)d(W)s

is a local martingale by Ito’s formula. Since d(M); = 0°1(900)(X;)dt by Equation
(11) and d(W); = dt,
t 82

A[g] —
! 0 8x8yg

(X5, Wy)(ods — d{M,W),),

is a martingale. Furthermore the total variation of {ALQ]}QO is bounded. So we have
A¥ = 0. Let h € C3(R%R) such that

LY, 2 [2n_17n]7y S [—n,n],

h(z,y) =
0, z €[0,n7!].

Then we have
t

t
/0 Lian—10)(Xs)L—nm)y (W) (ods—d{M,W),) = /0 Lion-1n) (Xs)l(fn,n)(Ws)dALh] —0.

Letting n — oo, we have

/0 L0.00) (Xs) (ods — d(M,W),) = 0.

Therefore we have N, = 0. This implies our assertion. [

{Wi}t>0 is a Brownian Motion under Q. By Proposition 26, {X;} satisfies

t

t
X, =29+ a/ 1(0,00) (Xs)dW, + 6/ Loy (Xs)ds,
0 0
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and
X; >0, t>0, a.s.

Suppose that {\,}men is a sequence such that A, | 0 and Q*» converges weakly.
Since the uniqueness of the strong solution of this Stochastic Differential Equation
is guaranteed by Ikeda-Wtanabe [4], p.222, Theorems 7.1 and 7.2, Q* converges
weakly to Q, as A | 0, by Corollary 5. This implies Theorem 1.

6 Example

In this section, we give some examples satisfying Assumptions (A.1)-(A.2) and (B.1)-
(B.3), and we calculate 9.

Example 1 Let pyw be a probability distribution on R, puzy be a probability distribu-
tion on (0,00). We assume that W,,, Z,, n=1,2,3,--- | are independent, {W,}>2,
have the same distribution pyw, and {Z,}°2, have the same distribution piz. If
W2 =AW, Z) = \Z,, and p* = p\. Then we have

0= p/(opo) {x + EK_Sﬂl—l(m)(x))]} pz+(dz).

Example 2 We assume that constants v > 0,C > 0 satisfy C' < v, and that
P(W} < —z) = Ce dx, x> 0.
Then we have
6 =p(mzy +771),
because we have lim limE[c(), n)_TlA(”)(—/\_lSi‘A(m) ()] =~ by the following equa-

- | e—ivan [ 1<—x>uev<dx>

= 5 =—, y>0.

[ vtan | vt

Example 3 Suppose that PIN'W) € Z) = 1, and P(W} = =AW} < 0) = 1.

Since Aflsﬁx(x) = —|[—z]| + x, we see that
1

5=p /[ Il (@)

28



References

1]

2]

Amir, M. Sticky Brownian motion as the strong limit of a sequence of random
walks, Stochastic Process. Appl. 39, 1991, no.2, 221-237.

Amir, M. and Knight, F.B., Law of the iterated logarithm and local variations
at zero of the sticky Brownian motion, Statist. Probab. Lett. 23, 1995, no.3,
289-295.

Billingsley, P. Convergence of Probability Measures Second Edition, John Wiley
& Sons, New York, 1999.

O Ikeda, N. and Watanabe, S. Stochastic Differential Equations and Diffusion
Processes, North Holland-Kodansha, Amsterdam, 1981.

Karatzas, 1. and Shreve, S.E., Brownian Motion and Stochastic Calculus,
Springer-Verlag, 1998.

Harrison ,M.J. and Lemoine, J.A., Sticky Brownian motion as the limit of storage
processes, J. Appl. Probab. 18, 1981, 216-226.

29



Preprint Series, Graduate School of Mathematical Sciences, The University of Tokyo

UTMS
2005-14

2005-15

2005-16

2005-17

2005-18

2005-19

200520

200521

200522
2005-23

200524

Yoshihiro Sawano and Hitoshi Tanaka: Sharp mazimal inequalities and com-
mutators on Morrey spaces with non-doubling measures.

Atsushi Matsuo, Kiyokazu Nagatomo and Akihiro Tsuchiya: Quasi-finite al-
gebras graded by Hamiltonian and vertex operator algebras.

Yoshihiro Sawano: Vector-valued sharp maximal inequality on the Morrey
spaces with non-doubling measures.

Yousuke Ohyama, Hiroyuki Kawamuko, Hidetaka Sakai and Kazuo Okamoto:
Studies on the Painlevé equations V, third Painlevé equations of special type
Prr1(D7) and Prrr(Dg).

Nariya Kawazumi: Cohomological aspects of Magnus expansions.

Masaki Suzuki: Spaces of initial conditions of the two dimensional Garnier
system and its degenerate ones.

Kenichi Ito: Propagation of singularities for Schrédinger equations on the
FEuclidean space with a scattering metric.

Teruhisa Tsuda: Universal character and q-difference Painlevé equations with
affine Weyl groups.

Yuji Umezawa: The minimal risk of hedging with a convex risk measure.

J. Noguchi, and J. Winkelmann and K. Yamanoi: Degeneracy of holomorphic
curves into algebraic varieties.

Hirotaka Fushiya: Limit theorem of a one dimensional Marokov process to
sticky reflected Brownian motion.

The Graduate School of Mathematical Sciences was established in the University of
Tokyo in April, 1992. Formerly there were two departments of mathematics in the Uni-
versity of Tokyo: one in the Faculty of Science and the other in the College of Arts and
Sciences. All faculty members of these two departments have moved to the new gradu-
ate school, as well as several members of the Department of Pure and Applied Sciences
in the College of Arts and Sciences. In January, 1993, the preprint series of the former
two departments of mathematics were unified as the Preprint Series of the Graduate
School of Mathematical Sciences, The University of Tokyo. For the information about
the preprint series, please write to the preprint series office.

ADDRESS:

Graduate School of Mathematical Sciences, The University of Tokyo
3-8-1 Komaba Meguro-ku, Tokyo 153-8914, JAPAN

TEL +81-3-5465-7001 FAX 481-3-5465-7012



