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1. INTRODUCTION

For the real symplectic group Sp(2,R) of degree two, explicit formulas of the
Whittaker functions for various representations have been considerably developed
in these fifteen years ([26], [21], [22], [24], [12], [8]) as well as the generalized Whit-
taker functions (e.g. [20], [5], [6], [7]). These results are applied to obtain global
results such as the entireness of the spinor L-functions for generic cusp forms on
GSp(2) (23], [13]). To present the first step toward the extension of these studies
to the higher degree cases, we discuss the Whittaker functions for P;-principal series
representations of Sp(3, R) as a continuation to the previous paper ([10]).

The Pj-principal series representation we treat here is the induced representation
from the discrete series representation of the Levi part GLT(2,R) of the parabolic
subgroup P; (see section 2.3 for the precise). We have the following two reasons
to investigate such representations. Firstly, it is easy to handle these representa-
tions because they have the convenient scalar K-types and thus the corresponding
Whittaker functions are scalar valued. Secondly, the invariants such as the Gelfand-
Kirillov dimension and the Bernstein degree ([35]) of these representations are the
same as those of the large discrete series representations of Sp(3,R), which are
sole cohomological representations having Whittaker models. In view of the role of
the discrete series representations in the cohomological theory of discrete subgroups
in Sp(n,R) ([25, sections 3,4]), we may expect that the automorphic L-functions
associated with automorphic forms generating discrete series representations have
“geometric meaning.” This is the reason why we stick to the discrete series. As
shown in [26], when the group is Sp(2, R), the Whittaker functions for P;-principal
series are resemble to that for discrete series. Therefore we can heuristically expect
that the same analogy can be seen in the higher degree cases.

In the previous paper ([10]) we gave explicit formulas of the secondary Whit-
taker functions (i.e., the power series solutions around the regular singularity of
the holonomic system characterizing the Whittaker functions) by using the gener-
alized hypergeometric series 4F3(1). Here we obtain not only another expressions
for the secondary Whittaker functions but also the integral representations of Eu-
ler type and of Mellin-Barnes type for the primary Whittaker functions (i.e., the
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Whittaker functions having the moderate growth property). Our new observation
which is not given in [10] is that our Whittaker functions can be written in terms of
the Whittaker functions for the class one principal series representation of the split
orthogonal group SO(5,R) (Theorems 6.2, 7.3 and 8.2). This relation also holds
between Sp(2, R) and SO(3, R) and we might expect a kind of bootstrap procedure
from SO(2n — 1,R) to Sp(n,R). We also prove the linear relation between the
primary and the secondary Whittaker functions analogous to the results of Harish-
Chandra ([3]) for the spherical functions and of Hashizume ([4]) for the class one
Whittaker functions.

Although we believe our result itself is interesting as a new example of (confluent
type) special functions on Sp(3,R), we mention a possible application to number
theory. As is indicated in some previous works ([32], [33], [23], [13]), integral rep-
resentations of Mellin-Barnes type for the primary Whittaker functions are very
powerful tool to compute the gamma factors of automorphic L-functions. Then our
formula might be enable us to compute the archimedean parts of the zeta integrals
for the spinor L-functions for GSp(3) and for GSp(3) x GL(2) constructed by Bump
and Ginzburg ([1]) (see also Vo [34]) and to show the global functional equations.
On the other hand the secondary Whittaker functions play a fundamental role in
constructing the Poincaré series (cf. [19], [27]).

Here is the outline of this paper. In sections 2 and 3 we review the basic notions
such as Pj-principal series representations and Whittaker functions. Section 4 is
devoted to deduce the differential equations for Whittaker functions, which is not
precisely explained in [10]. After the review of the main result in [10] about the
explicit formula of the secondary Whittaker functions in section 5, we give another
expression for the secondary Whittaker functions by using the secondary Whittaker
functions for the class one principal series representations on SO(5,R). Analogous
results for the primary Whittaker functions and the relation to the secondary Whit-
taker functions are given in sections 7 and 8.

2. PRELIMINARIES

2.1. Groups and algebras. We denote by Z, R, and C the ring of rational inte-
gers, the real number field and the complex number field, respectively, and by Z~,,
the set of integers n such that n > m. Let M,(R) be the space of real matrices of
size n and 1,, (resp. O,,) be the unit (resp. the zero) matrix in M,(R). Moreover
for 1 < i < 3, let e; be the unit vector of degree 3 with its i-th component 1 and
the remaining component 0.

The real symplectic group G = Sp(3, R) of degree three is defined by

G=5p(3,R)={g€ Ms(R)|'gJs = Jzg ' detg=1}, Jz= O3 13 7
—13 O

which is connected, semisimple, and split over R. Here g and ¢g~! mean the trans-
pose and the inverse of g, respectively. Let 0(g) = ‘¢!, g € G, be a Cartan
involution of G. Then K = {g € G |6(g) = g} is a maximal compact subgroup of G
which is isomorphic to the unitary group U(3) of degree three.
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Let
g=35p(3,R) = {X € Ms(R) | J5X +'X J3 =0},
be the Lie algebra of GG. If we denote the differential of # again by 6, then we have

O(X)=—'X for X € g. Let £ and p be the +1 and the —1 eigenspaces of 6 in g,
respectively, that is,

b= {Xe(_AB i)'A,BeMg(R),tA:—A,tB:B},

A B
p = {XE(B _A)'A,BeMg(R),tAzA,tB:B}.

Then £ is the Lie algebra of K which is isomorphic to the unitary algebra
u(3) = {X € M3(C) | X +'X =0},

of degree three, and g has a Cartan decomposition g = €& p. We fix an isomorphism
K between u(3) and € given by
_ 1 X+X V-1(X - X)
For a Lie algebra [, we denote by [¢ = [ ®g C the complexification of [. Take a
compact Cartan subalgebra h = @2 RT; of g, where T; = k(y/—1E;;) € ¢ with the
matrix unit F;; in M3(R) of (¢, 7) entry. For each 1 < i < 3, define a linear form f;
on he by Bi(T;) = v—16;;, 1 < j < 3. Here §;; is the Kronecker’s delta. Then the
set A of roots of (h¢, gc) is given by

A=Abe,gc) = {+26;(1 <i<3), 3+ 5 (1 < j <k <3)},
and the subset AT = {2@ (1<i<3),8+£6,1<j<k< 3)} forms a positive
root, system. Let
AY = {8 -8 (1<) <k<3)},
Af = {20,(1<i<3), 8+ 6 (1<j<k<3)},

be the set of compact and non-compact positive roots, respectively. If we denote
the root space for § € A by gg, then ¢ ~ gl(3, C) and pc have the decompositions

e =be @ (Dpenr826), Pe =Py ®P_, Pr = Dgensfip-

Now we take a basis of €c and py consisting of root vectors. If we denote the
extension of the isomorphism s to their complexifications again by «, then we have
Kk(Ey;) € gp,—p, for each 1 <4, j < 3 satisfying i # j and thus the set {x(E;)|1 <
1,7 < 3} forms a basis of £c. On the other hand, if we define a map

X +v-1X
pi{XGMg(C)‘X:tX}BXH<:I:\/_—1X _X )Epi7

then the element X,,; = py §(E” + EJZ)> is a root vector in gi(g,4g,) for each

1 <i<j<3and theset {Xi;;|1<i<j<3} gives a basis of p..
Put a, = &} | RH; with H, = diag(1,0,0,-1,0,0), Hy = diag(0,1,0,0,—1,0),
and Hs = diag(0,0,1,0,0,—1). Then a, is a maximal abelian subalgebra of p. For
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each 1 <4 < 3, we define ¢; € a; by e;(H;) = 6;; for 1 < j < 3. The set ¥ of the
restricted roots of (ay, g) is given by

Y =(ap,g) = {£26; (1 <i<3), tej e, (1< j <k <3)},

and the subset X7 = {Qei(l <i<3),ete(l<j<k< 3)} forms a positive
root system. For each o € X, we denote the restricted root space by g, and choose
a restricted root vector F, in g, as follows.

03 E” .
= <1<
E2el (03 03)7 1_Z_37

03 ‘ Eij + Eji Eij 03 . .
e = e = < <
E€z+eg ( 03 ‘ 03 ) Eel—e] 03 _EJZ ) 1 S < ] > 3,

and E_, = 0E, for a« € ¥*. If we put n, = Gaex+fa, then g has an Iwasawa
decomposition g = n, & a, G €. Also we have G = NAK, where A (resp. N) is the
analytic subgroup with Lie algebra a, (resp. ny).

Set

a; = & RH;, n) = ®aest\(265}0a, My = RH3 ® goc, D g-2e, ~ 61(2,R).

Moreover let Ay, Ny, and M;, ~ SL(2,R) be the analytic subgroups with Lie
algebras a;, ny, and my, respectively. Then P; = M;A;N; with M; = Zx(a;)M o
is a parabolic subgroup of G corresponding to the root 2e3 and the right-hand
side gives its Langlands decomposition. Here Zg(a;) = {lg, p1} x {1g, 2} with
1; = expnT; is the centralizer of a; in K. We call P; the second Jacobi parabolic
subgroup of G.

2.2. Representation of K. The equivalence classes of irreducible representations
of K ~ U(3) can be parameterized by the set A = {X = (A1, Ao, A3) | \; € Z, A\ >
Ay > )\3} from the highest weight theory. We denote the representation of K
associated to A € A by (7, V).

The representation space V) of a representation 7, has the Gelfand-Zelevinsky (or
the canonical) basis { f(M)}req(n) parameterized by the set G(A) of all G-patterns
of type A. Here a G-pattern M € G(\) of type A = (A1, A2, A3) € A is a triangular

array
A1 A2 A3
M = ( ar az )
B

of integers satisfying the conditions Ay > a3 > Ay > as > A3 and ay > 3 > ao.
For the definition of the Gelfand-Zelevinsky basis and the explicit action of &c =
Lie (K)c = u(3)c on this basis, we refer to the papers [2] and [9]. In particular,
when A = (m,m,m) € A, the associated representation (7, V)) is one dimensional
and the action of ¢ = gl(3,C) on v € V) is given by

T)\(K(Eij))?] = (5ijmv, 1 S Z,j § 3.

It is known that both of p. become K-modules via the adjoint action of K.
Concerning this, we have the following lemma.
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Lemma 2.1. We have isomorphisms py =~ Vi, and p_ ~ V_5e, by the correspon-
dences between their basis

(X1, Xpa2, Xy, X2, X3, X03)

) () (5) (3 () ()

(Xflb X722> X733> —X712> X—13, —X723)

()3 (F)(3)5(3)0(3)
9 0 0 -1 -1 0

Proof. Let A, = 2e; and \_ = —2e3 be two elements in A. Then we can find the ac-
tion 7, of the generators of gl(3, C) on the Gelfand-Zelevinsky basis { (M)} sreaon)
of Vi, in [2], Theorem 4 (cf. [9], Proposition 1.4). On the other hand, we have the
following tables of the adjoint actions of €¢ on the basis {X.;;} of py, which are ob-
tained by direct computation. Comparing these two actions, we have the assertion.
O

Kk(E1) | K(E22) | kK(Es3) | k(Ei2) | k(E21) | k(Ea3) | K(Es2) | k(E13) | k(E31)

Xo 2% | 0 0 0 | 2Xi2] 0O 0 0 | 2X.13
Xi12 | Xg12 | Xiao 0 X1 | Xj2 0 Xt13 0 Xi23
Xios | 0 | 2Xs00| 0 | 2X412| 0 0 [ 2Xi05 | 0 0

Xi13 | Xi13 0 Xi13 0 Xi23 | X2 0 X1 | Xy33
Xt23 0 Xi23 | Xj23 | X3 0 Xi22 | Xi33 | Xg12 0
X_|_33 0 0 2X+33 0 0 2X+23 0 2X+13 0

TABLE 1. The adjoint actions of x(E;;) on {X;;}.

K(En) | k(E22) | k(Es3) | k(Ei2) | 6(F2) | k(Eas) | k(Es2) | k(Ers) | k(Es1)
—X_11|2X_11 0 0 2X_19 0 0 0 2X_ 43 0
—X_ 19| X192 | X_ 12 0 X oo | X 11 | X g3 0 X 23 0
—X_99 0 2X _99 0 0 2X_19 | 2X_o3 0 0 0
-X_13| X 13 0 X_13 | X o3 0 0 X 12 | X33 | X 11
—X 93 0 X o3 | X o3 0 X 13 | X 33 | X o2 0 X _ 12
—X_33 0 0 2X 33 0 0 0 2X o3 0 2X 13

TABLE 2. The adjoint actions of k(E;;) on {—X_;;}.

2.3. Pj-principal series representation of G. Let 0 = (g1,e2, D) be a repre-
sentation of M; = {1¢, 1} x {1¢, 2} x Mo with characters ¢; : {1g, p1;} — C*,
i =1,2, and a (limit of) discrete series representation D = Df: of Mo~ SL(2,R)
with the Blattner parameter £k (k € Z>1). Moreover take a quasi-character v of
Ay such that

v(diag (a1, a9, 1,a7", 031, 1)) = ai'ay’,  (n,1) € C*.

Then we can construct an induced representation Inng (c @v® 1ly,) of G from
the second Jacobi parabolic subgroup P; in the usual manner, which we call a P;-
principal series representation of G. The multiplicity theorem for the K-types can
be computed by the Frobenius reciprocity for induced representations.
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Proposition 2.2. Letm = Ind%(o@l/@ 1n,) be a Py-principal series representation
of G with data 0 = (e1,69,D) and v. Then each irreducible K-module (Ty,V))
associated with N\ € A occurs in the restriction w|x of m to K with the following
multiplicity m).

mA:#{MGG(/\)‘ silp) = (=1)", 1(’2 }

k = ws (mod 2), k < sgn (D)ws
A1, A2, A3
Here w = (wq,ws,ws) is the weight for M = ( i, an ) € G(X) defined by the
B

formula
wy =0, wy=ar+ay—F, wg=A+ A+ A3 — a1 —ay,
and sgn (D) =1 (resp. —1) for D =D} (resp. D; ).
Proof. First, we observe that
KN Mj={1g, 11} x {lg, o} x {exp T3 |0 < 0 < 27} ~ {£1}* x SO(2).
Therefore, if we define a character ¢; of {1¢, 1;} by d;(i;) = —1 and a character x,,
of {expOT5|0 < 0 < 21} by xpm(exp8T3) = eV~ then
(KN My)={(67",03%, xm) | ni € {0,1},m € Z}.

The Frobenius reciprocity for induced representations (c¢f. Knapp[14]) tells us
that for each A € A the multiplicity m, is given by

my = Z [0|KQMJ : w] [T,\|KQMJ : w}.
we(mj)
Since the action of K N M; on the Gelfand-Zelevinsky basis { f(M)}aeqy of Vi is

given by
() f(M) = (=)™ f(M), i=1,2,
Ta(exp 0Ts) f(M) = e/ =10 f (M),

we have

Talknm, = @ (51”1755)27)@13)-
MeG(N)
On the other hand, it follows from the decomposition of D into its K-type that the
restriction of ¢ to K N M; has the decomposition

O-’KQMJ = @ (817527ngn(D)(k+2m))-
mGZzO
Hence we have

> #{Me G(\)

mEZZO

i = 6@ , 1= ]_, 2
sgn (D)(k+2m) =ws [’
and thus, the assertion of Proposition follows. O
Let m = IndIGDJ(a ® v ® ly,) be a Pj-principal series representation with o =
(1,62, Dy) such that &;(y;) = (—1)*. According to the above proposition, in the

restriction 7|x to K of m, the multiplicity Mk ik of the K-module 744 1) is one
whereas my—2x—2,k—2) = 0. The K-type 7(; ) of 7 is called corner.
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2.4. Unitary characters of N. Let n be a unitary character of N and denote the
derivative of i by the same letter. Since

ab:

y, np/[np, ﬂp] > Bei—es D Bes—es D Boeys

7 is specified by three real numbers ¢y, co3, and c3 such that
N(Eey—ey) = 20V =112, N(Fey—ey) = 21V —1ca3, and n(Eae,) = 27V —1cs.

When cjac93¢3 # 0, a unitary character n of N is called non-degenerate.

3. WHITTAKER FUNCTIONS

For a finite dimensional representation (7, V;) of K and a non-degenerate unitary
character 1 of N, we consider the space Cp<, (N\G/K) of smooth functions ¢ : G —
V. with the property

p(ngk) =n(n)r(k)"e(9), (n,9,k) € N x G x K.

Here we remark that any function f € C79 (N\G/K) is determined by its restriction
fla to A from the Iwasawa decomposition G = NAK of G. Also let (7%, V)
be the contragredient representation of (7,V;) and C*°Ind$(n) be the C™-induced
representation from n with the representation space

C(N\G) = {¢ € C*(G) | ¢(ng) = n(n)e(g), (n,g) € N x G},

on which G acts by right translation. Then the space C75 (N\G/K) is isomorphic to
Hom g (7%, C=Ind$ (n)) via the correspondence between ¢ € Hom g (7*, C®Ind$ (1))
and Fl ¢ Cro (N\G/K) given by the relation «(v*)(g) = (v*, Fl(g)) for v* € V.
and g € G with the canonical bilinear form (-,-) on V.« x V.

Let (7, H,) be an irreducible admissible representation of GG, and take a multiplic-
ity one K-type (7%, V;«) of m with an injection ¢ : 7* — 7. Then, for each element T’
in the intertwining space Z,, = Hom (g, x)(m, C=Ind$ (1)) between (gc, K)-modules
consisting of all K-finite vectors, the relation T'(i(v*))(g) = (v*, Ti(g)) for v* € V.
and g € G determines an element T; € C7° (N\G/K). Now we put

Wh(m,n,7)= ) {TieC(N\G/K)|T €T,.},

i€Hom g (7*,m)

and call Wh(m,n,7) the space of Whittaker functions for (m,n,7). Moreover, we
denote by Zp = the subspace of Z, . consisting of the intertwining operators whose
images in Cp°(N\G) are moderate growth functions ([36] §8.1) and define

Wh(m,n, 7)™ = U {T; € C;5(N\G/K) T e Iyt
i€Hom g (7*,7)

mod ;

An element in Wh(m, 7, 7) is called a Whittaker function of moderate growth.
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4. DIFFERENTIAL EQUATIONS

Let o = (g1,£2, D}) be a representation of M; such that &;(p;) = (—1)* and v a
quasi-character of A; defined by

V(dlag <a17a27 17aflaa;17 1)) = alljlagga (V17V2) € CZ'

In the rest of this paper, we consider the Whittaker functions for the irreducible

Pj-principal series representation m = Inng(a ®v® 1ly,), a non-degenerate unitary

character n of N specified by three real numbers c;o, co3 and c3, and the K-module

T = T(—k,—k,—k) Whose contragredient representation gives the corner K-type of 7.
First of all, we define the £-chirality matrices as follows.

Definition 4.1. The +-chirality matrices m;(Cy) for 1 <i < 3 are defined by

Xill Xﬂle Xﬂ:lB Mj:ll _Mi12 Mil:’)
mi(Cy) = | Xog Xaoo Xaog |, mo(Cy) = | —Mi1a Migy —Mioss |,
X1z Xiog Xiss My —Migz  Miss

and ms(Cy) = det(mq(Cy)). Here Myyj is the (i,j)-minor of the matriz m(Cv)
for each 1 < i <7 <3, that is,

Moy = Xioo Xio3 My — Xin Xiis Moy — Xan Xt
Xiog Xisz |’ X1z Xisz |’ Xi1g Xio
My — Xi1g Xios Moy — Xi1g Xio My — Xan Xt
Xiig Xz |’ Xz Xioz |’ X1z Xiog

Then we can find the following lemma immediately from the definition of the
chirality matrices.

Lemma 4.2. For each 1 <i < 3, the element Cy; = Tr (m;(Cy)m;(C-)) in U(gc)
1s invariant under the adjoint action of K, that is,

Coy € U(ge)* ={X € U(ge)|Ad (k)X = X,k € K}.

Remark 4.3. In the case of Sp(n,R), we can define Cy; for each 1 < i < n belong-
ing to U(ge)™ similarly. The operator Cy, is essentially the same as the so-called
Maass shift operator in the classical literature [17]. Also, the chirality matrices are
used to construct the Capelli elements for a symmetric pair in [16], recently.

Now we consider a system of differential equations which are satisfied by the A-
radial part of each element in Wh(w,n, 7). The elements Cy, Cy, and Cg in U(gc)®
defined in Lemma 4.2 are acting on the space C2°(N\G) as differential operators.
In particular, since K-type 7" occurs with multiplicity one in 7|k, it follows that
these operators are acting on the space Wh(m,n, 7) as scalar operators. Here we
examine the scalar action of the operator Cs = m3(C)m3(C-) in more detail. By
definition, the operator mg(C_) maps the K-type 7% = T k) N0 T(_2k—24—2) i
the Harish-Chandra module of 7. Therefore each element in Wh(m,n, 7) vanishes
by the action of m3(C_), because the K-module 7(;_3 ;2 r—2) does not occur in 7|k-.
Therefore each element in Wh(w,n, 7) satisfies the following system of differential
equations

O2¢ = X?,k‘,l/¢7 C4¢ = X4,k,u¢7 m3(0_)¢ = 07
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if we denote the scalar value for the action of the operator C'y; by x2; k.-

To obtain the explicit actions of the operators Cy, Cy, and ms(C_) and their
eigenvalues xo; k., We may express these operators in the normal order modulo
[ny, ny,] with respect to the Iwasawa decomposition of g, according to the following
lemma.

Lemma 4.4. Let f € Cy5,(N\G/K). For X € U(tc), Y € U(nye), Z € Ulac)
and a € A, we have (Ad (a™")Y)ZX f(a) = n(Y)T(=X)(Zf)(a). In particular, for

a = diag (ay, az,a3,a; ', a5, a3") € A, we have H;f(a) = aia—f(a) and
a;

Bep-esf(0) = 23/ ~Ters 2 f(a), Beyey () = 2m/~Tess 2 f0),
By, f(a) = 2my/—1c3a3 f(a),
and Eqf(a) =0 for Va € ¥\{e1 — eq, €2 — €3, 2e3}.

The proof is omitted (¢f. Knapp[14], Chapter VIII).
Moreover, we have the following fundamental lemma which is required to get the

expressions of the elements in U(gc) in normal order. In the following, we denote
X =Y for two elements X and Y in U(gc) when X — Y € [ny, n,]U(gc).

Lemma 4.5. The root vectors X1;; in p+ have the following expressions according
to the Iwasawa decomposition of g.

X, = 2\/ —1E26i + Hz + I{(EZ'Z'), 1= j,
i (Eei—ej + v _1Eei+ej) + K(Eji% 1 < jv
X . o= —2\/ _1E2€i + Hz - Ii(EZ‘Z'), 1= j,
T (Beme, — V—1Eete;) — K(Ey), i<

X, = { H; + k(Ey), 1=75=12,
Y Eeime; + 6(Ej), (4,7) =(1,2), (2,3),

x _ { H; — k(Ey), i=j=1,2,
B EEi—ej - "i( U)? (Z7j) = ( ’2)7 (273)’

and
X:|:33 = :|:2\/ —1E253 + H3 + I{(Egg), X+13 = K(Egl), X_13 = —H(E13).

Proof. These are obtained by direct computation. O
Let us compute the normal order of the operators Cy, Cy, and m3(C_). First we
treat the operator

3
Cg =Tr (m1(0+)m1(0_)) = ZX-HZX—M + 2 Z X+in—ija

i=1 1<i<j<3

of degree two. By using the expressions of X,;; in Lemma 4.5 and Table 2 for the
action of £c on X_;; in the proof of Lemma 2.1, each term in the right hand side of



10 MIKI HIRANO, TAKU ISHII, AND TAKAYUKI ODA

the above expression of C; can be computed as
XX = { H X i+ X_i (k(Ey) — 2), =12
we (2V/—1Fe, + H3) X33 + X_33(r(E33) —2), i=3,
and
XoyXoy = { Joreont RoonlBa) = o (0520
—136(E31) — X_11, (4,5)=(1
Thus we have
Co = (Hi—6)X_11+X_11k(En) + (Hy — 4) X 00 + X 9ok ()
+(Hz + 2V —1Ese, — 2) X_33 + X_335(E33) + 2Ee; e, X _12
F2X_19k(Eg) + 2B, ey X 23 + 2X 93k (Fsp) + 2X _136(E31).

Next we consider the operator Cj of degree four. By definition, C4 can be ex-
pressed as

3
C4 = Z M—i—iiM—ii + 2 Z M—H]M—l]
i=1 1<i<j<3
We compute the right hand side of this expression by using the following lemmas.

Lemma 4.6. 1. Each (i, j)-minor My;; in the matrix mo(Cy) has the following
exPTession.

My = (Hy—1)X 33+ Xis3k(Ea2) — Eeyey X3 — Xia3k(Es2),

My = (Hy—1)X 33+ X s3k(E1) — X+13/1(E31)

M3z = (Hy—1)X 90 + X ook(E11) — Eey ey X412 — Xj126(Eo1),
Miyy = FEeoj_e; X33+ Xys3k(FEor) — Xyogk(Es),

Mo = (Hy —1)X 93+ Xjo3k(E1) — Xpok(Es),

Miiz = Ee-e; Xto3 + Xioar(Far) — Xiook(Ea).
2. Each (i, j)-minor M_;; in the matriz mo(C_) has the following expression.

M.y = (Hy—1)X_ 33— X—33K(E22) Eey_e; X 93+ X_93k(Ea3),
)

M_3 = (Hy—1)X_33 — X_g3k(En) + X_136(E13),

M_33 = (Hy—1)X 90— X 0k(E11) — ey e, X 12 + X_126(E12),
M_1y = FEej_e,X 33 — X_s36(E12) + X _93k(E13),

M_33 = (Hy —1)X_93 — X _93k(En) + X_126(E13),

M_135 = Ee e, X 935 — X_o3k(Fh2) + X_o9k(Eh3).

Proof. By using the expressions in Lemma 4.5, the minor M 1, = X 92X 33 —
X93X 93 can be expressed as

M = (Hz + H(Ezz))X+33 - (Eereg + H(E32))X+23~
From this and the relations

H(EQQ)X+33 = X+33/‘€(E22)> H(E32)X+23 = X+23/€(E32) + X+33,
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which can be seen from Table 1 for the action of £c on p, in the proof of Lemma
2.1, we have the expression of M1, in the assertion of lemma. The expressions for
the other minors can be obtained similarly. O

Lemma 4.7. We have the following commutation relations.
1. For each 1 S Z,j S 3, /{(Eiz)M—jj = M_jj{li(Eu‘) - 2(1 - 513)}
2. For each permutation {i,7,k} of {1,2,3}, k(Eij) M_j = M_gpr(Eij).
3. (E31)M—12 = M—12/4(E31) + M_s3, H(E32)M—12 = M—12/1(E32) — M_3,

H(Ezl)M—m = M—12/€(E21) M5, K(E12)M—12 = M—12/'€(E12) — My,
K(Esg)M_13 = M_15(k(Es3) — 2).

4. K(Eo)M_13 = M_135(E) — M_s3, k(E31)M_13 = M_y35(E31) + M_33,
/f( 2)M—13 = M—13/€(E32) (Els)M—13 = M—13/€(E13) + M 1,
K(EQQ)M—B = ( (E22) - 2)-

5. K(Ey)M_g3 = M—Qgﬁ(Em) K(Es1)M_o3 = M_93r(E31),

(

K E32)M—23 = M—lei(Em) M 33, K(En)M—Qs = M o3 (K(En) - 2)-

Proof. This lemma follows from the definition of the minors M_;; and Table 2 for
the action of £c on p_ in the proof of Lemma 2.1 by direct computation. O

Now we proceed our computation for Cy. From Lemma 4.6 and Lemma 4.7, we
have

MMy = (Hy— 1) X 33M 1y + Xy33M 1y (R(E22) - 2)
—Fey—ey Xio3M_11 — X+23M—11/<(E32)-
Also, by using the relations

XissM_11 = (2V=1Es, + H3)M_11 + M_y1(k(E3s3) — 2),
XisM_1; = E M_y1 + M_11x(E3).

es—es
which can be seen from Lemma 4.5 and Lemma 4.7, we can compute M1 M 1,
further as

MiynM_yw = (Hy— 1){(2\/—_1E2e3 + HS)an +M_yy (F«'(E33) - 2)}

+{ (2\/ —1E, + H3)M—11 + M 11 (H(E33) - 2) } (F&(E22) - 2)
E62 eSM—n - 2Ee2—e3M—11/i(E32) - M—11N(E32)2-
Similar calculation shows the following expressions for the other required products
of two minors.

MM 9y = (Hy — 1){ (2V/ =1 Eaey + Hs) M_np + M_oy (i(Ess) — 2)}
+{ (2\/—_1E253 + Hs)M_o + M_2(k(E33) — 2) } (k(En) —2)
—M—szi(Esl)Q,
MissM_33 = (H — 1){H2M733 + M_33(k(Ea) — 2)}
+{H2M—33 + M_s3(k(E) — 2) } (k(En) —2)
—E2 _ M_33—2E, ., M_s3k(F2) — M_s35(E2)?,

€1—e2
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M oM 1y = Eelfeg{(2\/ —1E5; + H3>M712 + M_1o (H(Esz),) - 2)}

—(2V=1Ese, + H3) M_95 — M_o5(k(E33) — 2) — Eey_e, M_o3
+M_33 + X 33M_13k(E1) — XyosM_19k(Fs1) — M_g3k(Esz),
(Hi = 1)(Eey—es M_23 + M_g3k(E32) — M_33)
+(Ee27e3M723 + M_93K(Es39) — M733) (H(Ell) - 2)
— X 19M _o3k(E31),
MisM_13 = Ee o, (Ee27e3M713 + M713/€(E32)) — Eeyes M o3

+M_53 — HyM_35 — M_33(k(E») — 2)

+X+23M713/€(E21) - M723/€(E32) - X+22M713/€(E31)-

By adding up them, we can obtain a tractable expression of the operator Clj.
Finally we discuss the operator

mg(C’_) =detC_ = X_HM_H — X_12M_12 + X_13M_13.

Its expression in the normal order can be computed by combining the expressions in
Lemma 4.5 and the commutation relations in Lemma 4.7. The resulted expression
is given as follows.

mg(C_) = (Hy —2)M_11 — M_j1k(Evy) — Eey—ey, M_19
+M_195(Er2) — M_136(E13).

M 93M o3

From the above computation and the action of c on the representation space
V. of 7 = T(_p k) given in §2.2, we can summarize the explicit actions of the
operators Cy, Cy, and m3(C_) on the space Cp° (N\G/K).

Proposition 4.8. The operators Cy, Cy and m3(C_) acting on Cp° (N\G/K) are
gien as follows.
Cy, = (Hi—6+k)(H —k)+ (Hy—44+k)(Hy— k)
+(Hs + 2V 1By, — 2+ k) (Hs — 2 —1Es, — k)
+2E?_,, +2E?

e1—e2 eaes)
{ub+k—m@¢fM@ﬁdﬁ+k—a—Egﬁ}M41
+(Hy 4k —5)(2V—1Es, + Hy + k — 2) M_oy
+H{(Hi+k—5)(Ho+k—4)— E2_, }M_3;

+2F,, e, (2V—1Ese, + Hy+ k — 2)M_15 +2E.,_ ¢, Ee,_ ey M_13
+2(Hy 4+ k = 5)Eey_ey M_3,

m3(C_) = (Hi—k—=2)M_11 — Ee, e, M 13,

Cy

Mfll = (H3—2\/—1E263 —k)(Hg—k— 1) —E2

eg—es)
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M_y = (H3—2V—1Es, —k)(H, —k —1),
M_33 = (Hl —k— 1)(H2_k) _E621—82’
M—12 = Eel—eg <H3 -2 \% _1E263 - k))

M_g3 = Eepef(Hi —k—1),
M—lS = E€1—62E€2—63'

On the other hand, the eigenvalues x21, and x4, for the actions of Cy and Cy
can be evaluated in the usual manner. The result is given as follows.

Lemma 4.9. The scalar values X2k, and X, for the action of Cy and Cy on
Wh(m,n,7) are given by

Xogw = {07 = (k=3)*} + {3 — (k= 2)’}, xapo = {0 — (k= 2)"Hud — (k- 2)°}.

To state an explicit form of a holonomic system of partial differential equations
satisfied by the A-radial part of each element in Wh(m, 7, 7), we introduce the coor-
dinate x = (x1, 22, x3) on A defined by

2 2
a ¢5) 2

r1 = |TmCci2— | , o= |Tcos— | , w3 =4mcsaz,
a2 a3

for diag (a1, as,as,a;*,a;*,a3") € A. Then we have the following theorem.

Theorem 4.10. Fach element ¢ in the space Wh(mw,n,7)|a of the restriction of
Whittaker functions to A satisfies the following holonomic system of partial differ-
ential equations of rank 24.

Dyp(x)
(1) Dyp()
Dyp()

0,
0,
0

Here
Dy = (200 +k—06)(20, — k) + (=20, + 202+ k —4) (=20, + 20, — k)
+ (=20, +205 — 23+ k —2) (=20, + 205 + 23 — k) — 8x1 — 82 — X2k.05
Dy = (200 —k—2){(—201 + 205 — k — 1) (=202 + 205 + 23 — k) + 42>}
+4z1 (=202 + 205 + x5 — k),
Dy = {(—201+202+k—3) (=20, 4205 — w3+ k — 2) + 4}
(=201 + 205 — k — 1) (=205 + 205 + x5 — k) + 425 }
+ (201 + k —5) (=205 + 205 — x3 + k — 2)
(200 — k — 1) (=205 + 205 + x5 — k)
+{(201 + k — 5) (=201 + 20, + k — 4) + 41 }
{201 —k —1) (=201 4+ 20, — k) + 4z }
—821 (=202 + 205 — w3+ k — 2) (=20, + 205 + x3 — k)
+32x129 — 819 (201 + k —5) (201 —k — 1) — Xakws
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with X2k, and X4k, given in Lemma 4.9. Moreover, 0; = x; 18 the Fuler operator

with respect to the variable x;. '

For later computation, the following form of the above holonomic system (1) is
useful.

Corollary 4.11. For a function ¢ € C*(A), put
3 5
o(@) = wiwiaiexp (—3) plo).

Then the holonomic system (1) for ¢ is equivalent to the following holonomic system
for ©.

Dy = (200+k—3)(20, —k+3)+ (=201 +20,+ k —2) (=20, + 20, — k+2)
+ (=202 4+ 205 — 203+ k — 1) (=202 + 205 — k+ 1) — 8x1 — 8x2 — X2.4w)
Dy = (200 —k+1){(—201 + 202 — k +1) (=20, + 205 — k + 1) + 4z}
+4z1 (=20, +205 — k+ 1),
Dy = {(—201+20+k—1) (=20, 4205 — 2z5 + k — 1) + 4z}
(=201 4+ 200 — k4 1) (=20, + 205 — k + 1) + 4z, }
+ (201 + k —2) (=203 + 205 — 2z3+ k — 1)
(20 —k+2) (=205 + 203 — k+ 1)
+{(201 + k — 2) (=201 + 20, + k — 2) + 4z }
{201 — k +2) (=20, + 205 — k + 2) + 42, }
—8x1 (=205 + 205 — 2x3 + k — 1) (=20, + 205 — k + 1)
+32x 19 — 819 (201 + k — 2) (201 — k + 2) — X4k
From the results of Kostant ([15] Theorem 6.8.1) and Matumoto ([18] Corollary
2.2.2, Theorem 6.2.1), it follows that the dimension of the intertwining space Z,, r,

and thus, of the space Wh(m,n, 7) of the Whittaker functions is 24. Therefore every
solution of the holonomic system in Theorem 4.10 gives an element in Wh(m, 7, 7)] .

5. SECONDARY WHITTAKER FUNCTIONS; THE FIRST FORMULA

The holonomic system (1) has regular singularities along 3 divisors x; = 0, x5 =
0, and z3 = 0 with normal crossing at x = (0,0,0), in the sense of [28]. The
power series solutions of the system (1) around the point z = (0,0,0) are called
the secondary Whittaker functions. To give an explicit formula for the secondary
Whittaker functions, we treat the holonomic system (2) instead of (1).
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Let us consider a formal power series solution
1,72 ,.73 o ni ,.n2 ,.n3 _ 3
(3) L1 XLy Ty E : Cnynams®1 L2 37 7 = (71772773) eC )
n1,n2,n3>0

of the holonomic system (2) around z = (0,0,0) associated with a characteristic
index 7. Then we can translate the holonomic system (2) into a system of difference

equations for the coefficients ¢} . of the power series (3). In the following, we put
0 = (01,02,03) = (1, =7 + Y2, =72 +73) for the characteristic index v = (71,72, 73),
5

and often use the symbol 4 instead of 7, such as ¢, .. ...

Lemma 5.1. The power series (3) satisfies the holonomic system (2) if and only if
the coefficients {c? } satisfy the following system of difference equations:

n1,n2,n3

(4061 +10)? + 400 =y +12)? + 4( =z + 1) = {17+ 12 + (b= 12},

-8 —2(203 — 2ny + 2ng — k — 1) =0,

ni,n2—1,n3

o d
—8¢ Cninanz—1

n1—1,n2,n3

(2(51 + 2711 —k + 1) (252 — 2711 + 2%2 —k + 1) (2(53 — 2712 + 2713 —k + 1) 0;5117712,713
+4(203 —2na+2n5 —k+ 1)) 4 + 4200+ 200 —k+1)¢) 0y, =0,

[{4 (02— ny +n2)® — (k= 1)2} {4.(85 — ny +n5)? — (k — 1)°}
+{4 (6 +m1)" — (k=221 {405 —na +n3)* — (k= 1)%}
{4 (6 +m)® = (k=223 {40 — n1 +n2)” — (k—2)%}
—{vt = (=2} {18 — (k= 2}] &,

+[4(251 420 — k) (205 — 20y + 200 — k + 4)
+4 (261 4+ 2ny + k — 2) (202 — 2ny + 2ny + k — 2)
—8 {4 (03 —ng + ns)® — (k — 1)2}]02171,712,%

+[4(252 2y 4 2ma - k — 1) (205 — 2ns + 205 + K — 1)
+4 (209 — 2ny + 2ny — k — 1) (203 — 2ng + 2n3 — k + 3)
—8{4 (61 +m)* — (k- 2)2}}021,@—1,7@

+[—2 {48y — my +n2)® — (k — 1)} (205 — 2np + 205 — k — 1)
—2 {48y 4+ m1)® — (k= 2)°} (205 — 2y + 205 — k — 1)]021,,127”371

166, g mymy 160 o 3260 41

—8(20; —2n1 + 2n0 + k — 1)) 01 nat

+16 (265 — 2n2 +2n3 —k — 1))y ) nay = 0.

5 _ .
Here we understand c;, ., ., = 0 if n1, na, or ng <0.
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0

1mamg ar€ deter-

Observe that for a fixed characteristic index vy all coefficients ¢

mined inductively from an initial non-zero coefficient ¢f o by the first difference
equation in Lemma 5.1, which is obtained from the differential operator D,. We can
find the 24 characteristic indices 7 as

€11 €l k—1
(4) 5_0<2’ 2’“)’ Ty
with €1,eo € {£1} and 0 € &3, by putting n; = ny = ng = 0 in the system of
difference equations in Lemma 5.1. Here G35 means the symmetric group of degree
3.

Before giving an explicit formula for the secondary Whittaker functions, we shall
discuss the convergence of the power series whose coefficients are given by a solution
of the first difference equation in Lemma 5.1. The followings are based on the idea
of Harish-Chandra (cf. [3, Lemma 4.5]). For complex numbers a, b, ¢, d, put

1
Anl,ﬂQ,ns = Anl,HQ,ns (CL, ba C, d) = ’)”L% + n% + 5“3 —ning — Nang +an; + bn2 + cns + d.

We can define complex numbers Ay, ny 0y = Anynons (@, 0, ¢, d, p) inductively by the
recurrence relation

(5) {Ao,o,o =1, 1
AnynansAnynaing = Ani—1mams T Anyna—1.n5 + 5(=12 + 13 + ) Ay ngns—1,
if Ay nyms does not vanish for all (ny,na, ng) # (0,0,0).
Lemma 5.2. Set
X :={(a,b,c,d,p) € C° | Ay, npms(a,b,c,d) # 0 for all (ny,nz,n3) € N*\{(0,0,0)}}.

Let U be any compact subset in X. There exists a positive constant cy depending
only on U such that

(6) |An1,n2,n3 (Cl, ba C, daP)’ S Cz1+n2+n3/(nl + U + nS)'
for all (ny,ne,n3) € N® and (a,b,c,d,p) € U. Thus the power series
Z Apy o ms Ty T3 5
n1,n2,n3>0

converges absolutely and uniformly on (x1, 29, x3) € R% and (a,b,¢,d,p) € X.

Proof. We prove (6) by induction on n; + ny + ng. The case of ny +ng +n3 =0
is obvious. We first estimate A, ,,, ns- In the following, ¢; and d; mean constants
depending only on U. For (ny,ns,n3) € N3 we have

1 1 1
|A, npms (@, b, ¢, d)| = ‘i(nl +a+b+c)+ §(n1 —ng—b—c)*+ 5(”2 —n3 —c)?

1 1
+d— (a—l—b+c)2—§(b+c)2—502

N | —

1
Z§|(n1+a+b+c)2+(n1—nz—b—c)2+(n2—n3—c)2‘+d1

> (ln+a+b+cl+|ng—ng—b—c| +|ng—ns—c)’ +dy
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> co(ny 4+ ng +ng + do)* 4+ dy
with c1,co > 0 and dy,ds € R. Then there exists a positive integer N depending on
U such that
|A, mams (@, 0, ¢, d)| > ez(ng + ng + n3)?
for all ny +ng +n3 > N and (a,b,c,d,p) € U. Put

Cy = min ‘An17n27n3 (&7 ba Ca d)’

ntnatns<N  (ny + ng + ngz)?
(a7b7c7d7p)€U

Then we can see ¢4 > 0 and have
|Apy nans(a,b,c,d)| > cs(ny +ng + 713)2

for all (ny,ny,n3) € N with ¢5 = min(cs, ¢4) > 0. We also take a positive constant
¢g such that

|—n2+n3+p! Scﬁ(n2+n3—|—l)

for (ny,ny,ng) € N3,
Then the recurrence relation (5) and the induction hypothesis imply that

1 1
|An17n2,n3‘ < ﬁ(‘Amfl,nmns’ + |An1,n2*1,n3’ + §|_ Ny + ng +p’ ’ ’Am,nz,n?ﬁl’)
ni,n2,n3
Cgl { 207[}1+n2+n3—1 N Cg1+n2+n3—1c6(n2 +ng+ 1)}
~ (ng+ng+n3)? | (ng +ng+nz—1)! (ny +ng +ng —1)!

oyttt 2+4c(n2 +n3+1)
(n1+n2+n3)! Ny + no + ng

Therefore we take a positive constant c¢; such that

2 + CG(TlQ + ns + 1) S c7(n1 + N9 + n3)

for all (n1,n2,n3) # (0,0,0) and replace ¢y by max(cy, 5 'cr), to obtain the asser-
tion. O

Now we give the following explicit formula of the secondary Whittaker functions
which is the main result of our previous paper [10].

Theorem 5.3. For each characteristic index v of the holonomic system (2) given

in (4), put

3 5
S5+m S5+v2 3+ x3 5 :
— 2 2 73 n1 N2 .13
M, (x) =27 "x5 “xy Pexp (— 5 E Cy nans 1 Ty 3%,

ni,n2,n3>0

where the coefficients {C?
stants a,b,c,a’, b, ', put
/ / /

kl,m,n — kl,m,n(aa b7 ¢ a, b , C )

B l'(m—l—a)n(—l—i—b)nF —n,l—n—c,—m+ad,l+V
ol (C)n S\ 1l—-n—-m—a,1—n+1-0,¢

} are defined as follows: For l,m,n € Z>q and con-

1),

1,12,13
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r
where (a), = % is Pochhammer’s symbol and , Iy is the generalized hyperge-
a
ometric function (cf. [29]). If either 61 or ds is equal to k, then
1 (052 + nl)ng—ng,

n2! (al)n2—n3(a3)n2<a4>n3(a5)n1(aﬁ)m
anl,n27n3(a4, —Ql + 1, —Q3 + 4 + 1, O, (e%) + Oy — 1, a3 + gy — 1),

s =

ni,n2,m3

with the parameters

()41:—53+Ii+1, a2:51—53+1, 043:(5*—53—1-1,
&4:(5*+53+1, oz5:51—/£+1, ()46:—52+l€+1,

where §, = 01 + 02 — k. If 03 = K, then
k) 1 (ﬁl + nl)nz—ng

Cn na,m3
b n1!<n2 - TLg)' (ﬁl)nz (ﬁ2)7n (ﬂS)ng (54)712
an2,n1,n3</637 _ﬁl + 17 _52 + 53 + 17 07 ﬁl + 63 - 17 52 + 63 - 1)7
for ng > ng3 and O;;,nm

Br=00—Kk+1, fo=01—02+1, B3=01+02+1, Ba=0— K+ 1.

Then, the set {M,(x)} gives a system of linearly independent solutions of the holo-
nomic system (1) at x = (0,0,0).

=0 for ny < ng3, where

Remark 5.4. If the constants a,b,c,a’,b',c satisfy the relation
(7) at+b—c=—(d+V-),

then Fuler’s transformation formula

2F1( a,b z) _ (1—Z)C_a_b2F1( c—a,c—b

C C

leads the equation
/ / / / / / / /
kimn(a,b,c,a’ b c') = kpyn(c—b,c—a,c,d =¥V, —d,d).

The parameters of the function k appeared in the formulas of Czhn?’n?’ in Theorem
5.3 satisfy this condition (7). In particular, the relation kn, n,ngs = Knynyng holds in
the formula of C° when 0y = K.

1,12,N3

6. SECONDARY WHITTAKER FUNCTIONS; THE SECOND FORMULA

In this section, we present different expressions of the secondary Whittaker func-
tions from Theorem 5.3. Since our new formula involves the secondary Whittaker
functions for the class one principal series representations on the split orthogonal
group SO(5,R), or equivalently on Sp(2, R), we first recall the explicit formula of
them ([11], cf. [12]).

Let y = (y1,42) € R be the coordinate of the maximal torus of SO(5,R) and
T(,vs) b€ the class one principal series representation of SO(5,R) as in [11, §§2-3].
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Then the radial part of the secondary Whittaker function M, , i(y) on SO(5,R)
for the characteristic index (yl, Vl + v5) is of the form

o . V17V2 2]{:1+I/1 2]{:2+l/1+l/2
M) = yisd > CLley3 ,

k1,k2>0

where the coefficients {C})! (1.v2) } are uniquely determined by the initial condition
C’O’(()”l’yz) 1 and the recurrence relation ([11, (4.1)]):

1 v—v v 0,(V1,V o,(v1 ., V1.V
(8) (kf + k3 — kiky + . —2k:2) Cplnm) — gotaw) Ckl as)

In [11, Theorem 4.1] we expressed C 1"/2) in terms of a generalized hypergeometric

series 3F5. Let us rewrite it in the followmg way.
Proposition 6.1. The solution of the recurrence relation (8) can be written as

1
O l/l,VQ .
k1,k2 Z Z (il — ZQ)'ZQ‘(kl - Z1)'<k72 - Z2)'

0<i1<k1 0<iz<min(i1,k2)

1
X .
(V1;V2 + 1)i1 (Vl + 1)12(% + 1)k1 (VQ + 1)k2—11
Proof. By [11, Theorem 4.1],

o,(vi,v2) 1 J2 _klv _k2 _ 1/1—51/2’ kQ + 1/1—51/2 + 1 X
kuke T ko (vy + Dy (v + Dy I e .

By using the formula

—k b —a— —ki, d— d—>b
3F2< 1, a, ‘1):(c+d a b)klgFQ( 1, a, ‘1)

¢, d (), ct+d—a—-0,d
([29, 7.4.4.83]), we have
0,(viv2) _ 1 JF) —k1, ke +11+ 1, —ky — 1y 1
ko klll{fg!(—l/l;l& + 1)k1 (1/2 + 1)k2 v+ 1, 1112;1/2 +1

_ 1 Z <_k1>i1 <k2 + v+ 1)2‘1(—162 — VQ)il
k’llk’gl(m;w + 1)k1 (1/2 + 1) ’il!(Vl + 1)11(% + 1)“

k2 0<ii<h
In view of

kq! (—ky —1v2)i, (—1)n
(ky —i)!" (e 4+ D, (V2 + Dy,

(—k1)i, = (—=1)"

and

(ko +11 +1)i, (=F1)iy(—i1)i,
(V1 + 1)21 Z iz!(l/l + 1)12

0<io<min(i1,k2)

- Z k’1'21
(k’l — 12)‘(21 — ig)!ig!(yl + 1)1’27

0<ia<min(i1,k2)

we can reach the desired formula. O
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: 5
We now state another representation for Cy .

Theorem 6.2. Under the same notation as in Theorem 5.3, C’,‘il na.ms COT be written
as follows:

(i) if 61 = K, then

e 405(262,263)
Cram = Y UG |
1,213 0<k1<ns Tll!(TLz — kl)'(—52 + K+ l)nl—kl(_53 + K+ 1)n2—n37

(i) if 62 = K, then
( )nBC 2517253)

k1,n3

o = '
n1,n2,n3 Z (nl — k1)|(n2 - kl) ((51 — K+ ) ( 03 + K + 1)n2 n3

0<ki<min(ni,n2)

(i) if 63 = K, then
i (10:(261,262)

(=1)"=Cy
05 _ 1,N3
s Z (n1 —k1)!(ng —n3g)! (61 — K+ 1), (02 — K+ 1)y

0<ki1<ni

for ny > ng and C? =0 for ny < ngs.

ni,n2,n3

Proof. From the first difference equation in Lemma 5.1, we have only to check the
following recurrence relation:

Am,m,ns (51 - 527 52 53, 53, O)C

ni,n2,n3

9 1
( ) —(—n2+n3+53—/i—1)05

9 ni,nz,n3—1-

Here A, nyns(a, b, c,d) is the symbol introduced in the previous section.
Let us consider the case of §; = k. Put

_ Y0 5
C11 1n2n3+01n2 1n3+

(-1
ny: ( kl) ( 52 + K+ 1)711—161(_53 + K+ 1)n2—n3 ‘
Then the right hand side of (9) is written as
Pn —1,na,n, o
Z 1—1,n2,n3,k1 'Pnl,ng,ng,lqc 1(202,243)

& k1,n3
0<k1<ns ni,n2,n3,r1

P,
§ : 1,n2—1,n3,k1 0,(202,243)
(10) + ' Pn17n2,n3,k1 Ckl,ng

0<ki<ng—1 ~ nunznski

1 P,
1,n2,n3—1,k1 0,(202,263)
5(—712 +n3+ 03 — K — 1) E —P ) Pn1,n2,n3,k10k1,n3—1 :
0<k1<ns n1,m2,n3,k1

Pn1,n27n3,k1 -

_|_

In view of

Pm—l,nz,na,k’l Pn17n2—17n3,k1 . Pn1,n2,n3,k1+l

_|_

Pm,nzmzs,kl Pm,nz,ns,kl Pm,nz,n&lﬁ

:nl(nl —kl —(52—}—/%)—{—(712 —kl)(ng — N3 —53—}—/{) — (n2 —k:l)(nl —k’l —52+K)
1
= An17n2,n3 (51 — 52, (52 — (53, (53, O) — {k% + 571% — kln -+ ((52 — 53)k1 + (53713}
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and
Pnl,nz,n?ﬁl,kl _ 1

Pnl,ﬂmns,kl mo —ng — (53 + R+ 1’
(10) becomes a sum of the following four terms:

Z (252,253)
Anl,nz,n3 (51 - 527 52 - 537 537 Pnl,ng,n;g,kl ki,n )

5T

0<k1<ng
Pnl,ng,n3,k1+1 P 262 253) P 7(2627263)
P— : n1,n2,n3,k1 k17n3 ni,n2,ng, kl ki—1mns
0<ki<ng = MUm2nak 0<ky <no
1 0,(282,26
,(202,203)
5 Pm,m,m,kl O]{,‘17TL3—1 )

0<k1<no

and

1 o
o Z {k2 + 277/3 kln + (52 53)k1 + 53”3} n1,n2,n3,k1 Ck;(yiffﬂ(s@‘
0<k1<n2

Now by means of the recurrence relation (8) for Ckl(i?’%?’ we can see that the sum

of last three terms equals to zero, and thus we finish the proof of (9). The cases of
d2 = k and 03 = k can be similarly done. O

Remark 6.3. We can directly derive the second expressions for C from The-

orem 5.3 by applying the identity

IF'p+qg+m+1) B Z m!
Pp+DI(g+m+DI(p+qg+1) illm—)T(p—i+ D (g+i+1)

n1 ng,n3

0<i<m

which is equivalent to Gauss’ summation formula ([37]).

7. PRIMARY WHITTAKER FUNCTIONS

In this section we consider the space Wh(w,n, 7)™, According to [30] the di-
mension this space is at most one. We call the unique (up to a constant) element
in this space primary Whittaker function and give an explicit integral formula of
(a radial part of) it. As in the previous section our formula comes from the class
one Whittaker function on SO(5,R), that is, unique moderate growth Whittaker
function for the class one principal series representation 7, ,,) on SO(5,R). Let us
recall the integral representation of it.

Proposition 7.1. ([11, Theorem 4.2]) Let W°(y) = y; yQWO( ) with

vitry  vitvo

Woy) =4y, 7 y, °
x/o/o K¥ <2y1\/(1+1/u1)(1+1/uQ)> K¥ (2021 + w1 + us)

v]+vo

y ( u3u’ ) 1 (u1(1+u1)>yl4u2 dus
14w +ug ug(1 + uz) Uy Uy
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Here K, (z) is the K-Bessel function ([37]). Then, up to a constant multiple, W°(y)
is the radial part of the class one Whittaker function on SO(5,R).

Hashizume ([4]) obtained explicit linear relations between the class one Whit-
taker functions and the secondary Whittaker functions for arbitrary semisimple Lie
groups. See also [11, §4] and [12, §4] for an elementary proof of Hashizume’s result

in the case of SO(5,R).
Proposition 7.2. ([4, Theorem 7.8], [11, Theorem 4.2])
o v+ v v — v o
W) = 3wl remr e (<252 ) 1 (<252 ) b0

weWw

Here W = (wy,wq) = &y X (Z/2Z)?* is the Weyl group of SO(5,R), and the action
of the generators on the parameter of the class one principal series 7, ,,) is given
by wy(vy,ve) = (v2,11) and we(vy,ve) = (—v1, 1a).

Our main result in this section is as follows.

3 5
Theorem 7.3. Let W(x) = vz xiexp(—%)W (x) with

= exp tl — t2 _— = —
0 Jo t1 lo

% <$1[L‘2£L’3)’{ WO ( \/—2) dtl dtg

tth tl t2

(11)

Then, up to a constant multiple, W (x) is the radial part of the primary Whittaker
function and can be written as a linear combination of the secondary Whittaker
functions Ms(x) in Theorem 5.3 as follows:

W(z)=) w {F(—I/l)r(—l/z)f‘ <_ ! ;F V2> r (_ Vi ; u2)

wew

(12) X{P <%_”>F(§2_ )M(m”l,%)(x)
(G
(-3

+0 (=5 +5)T

7M,V—;)("E)

1) Mg 3.0 ||

Proof. The moderate growth property follows from the rapid decay of the class one
Whittaker function W° on SO(5, R). Since the dimension of the space Wh(rr, 7, 7)m°d
is at most one ([30]), we need to show W (x) is contained in the space Wh(m, n, 7)™,
Hence it is enough to prove the expansion formula (12).

m‘,_.
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We substitute the expansion formula for W¢ into (11) to find
—~ v +v vy — v
W(x) = ;w[F(—yl)F(—yz)F (- ! : 2) r (— ! 5 2)

1 e (e 2) ()
1—to————]"
(13) o Jo ty to t1to

k4L
t 2 v +v; dt dt
% Z Cklyl 2) < 1) <x3t2)k2+122_1_2}_

t1 t
k1,ka>0 2 L2

If we allow the change of the order of integration and infinite sum in (13) (this
interchange is justified later), it can be written as

W(z)=> w {F(—ul)r(—yg)r <_ 7 ;“ ”2) T <_ ! g V2>

(14) N
o.(v1vy) ka+FY2 4k
X Z Ckl(k; 2)$32 ! Jl("fl)h(%)},
k1 ,kz >0
with
o v dt
Ji(x1) = x’f/ exp | —t; — — tfﬁ 2 1,
0 tl 3]
o o Xz —7/<dt
o) =y T2 / exp (—ty — 22 ) ;TR TEER,
0 Z52 t2
By using
o dt
/ exp <—t — E) I
) t t
s+k
:23: 2 Ks+k-<2\/§)

T l’i [EH—S
 sin(s + k) (;i!f‘(i—s—kﬁLl) _;ilf(i+s+k+1)>
F(S) .t F(—S) . pitstk

= (—1)* -+ :
(=1) (on il(—s+ 1) @Zo il(s 4+ 1)k

for k € Z and s ¢ Z ([37]), we get

ni+ki+4-
4 —k)- ot 2

[(-% +k)-x
Ji(z1) = (—1)F 2 : |
1(3:1) ( ) Z nll(_%‘i_ﬁ—i_l)nl—kl + Z nll(Vl —rk+1 3

n1>0 n1>0 2 It

) n2+k1+ e ) n2+k2+‘V1J2rV2

| %

I'(%
-1 k1—ko I
(=1) 7122;0 (=4 5 TR —i— D)otk — ks s nﬂ(% — K+ 1) ngkytho

JQ(QZQ)
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We substitute the above into (14) and arrange the order of summation to find
o v+ v v — U
We(z) = Zw |:F(—]/1)F(_]/2)F (— ! 5 2) r <— ! 5 2)

w
LR no+ 4k nz+AF2 4k
nl,ng n3 1 'r2 xS

ni,n2,n3>0

3 nitr, n2t G2 gt U2 s
+ n1 na, ngml ':L‘Q 1'3

ni,n2,n3>0

Z m+ np+i s ng+ A2 4
+ nl,ng,ngxl $2 1'3

ni,n2,n3>0

+vo vi+tvg
4 ni+49 no+32 pa4 724k
+ Z Cnl,ng,ng ‘7:2 T3 ’

ni,n2,n3>0

where
Chnen= S o LR
ozl (e — k)N 4 £+ Dy (=3 + 5+ Dy
o (e = n)l (=5 + K+ Duyoi (5 = K+ gy
Cf{l o = Z L(—=% +x)T (172 K) - (—=1)m V 21,213’1/2)
. (n1 = k)l(nz — k)G — K+ D, (=3 +l€+1)n2 ns

PR S s R0 o S M)
nL,n2,n3 (nl — k‘l)'(ng — ng)'( — K+ 1) (?2 — K ‘l‘ 1)n2—k1 .

0<k1<ni

Here C7 ... = Cn 1o ny = 0 for ny < ng. The following lemma ensures the change

of the order of integration and infinite sum in (13).
Lemma 7.4. The coefficient C, .. ...

2
Anl,ng,ng, (aia bi7 Ci, )C

satisfies the recurrence relation

ni,n2,n3
(15> i i 1 i
= ni—1,n2,n3 + Cnl,nz—l,ng + 5(_712 + ns + Ci — kK — ]')Cn1,n2,n3—1’
with
(k— 4%, 12 22 () i=1,
V1+V2 V1+V2 21 V2 M
+ 2k, —2k,k, (4 — k) (2 —K)) =2
aiabiaciadi = ( N2 2 ’
(bt (g Sn - ,0) i=3
(”122,”2 /f/s()) 1= 4.

Moreover the power series »_, . . ~oC . . 27" x5%x3° converges absolutely and

uniformly for (vi,vs) € {(v1,12) € C? | Ay, noms(@i, biyciyd;) # 0, Y(ni,na,ng) €
N*\{(0,0,0)}} and (z1,z2,z3) € RY.
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Proof of lemma. The claim for ¢ = 1, 3,4 is immediate from Theorem 6.2. The case

of C2 .., n, is similarly done. Actually (15) follows from the identity:
ni <n1_k1_%+/€) +(n2—n3> (ng—k1+%—m>
v v
— (nl—kl—é—f—/i) (ng—k1+§—li>
1 vy — U v
- Ame,ns (a’27 b27 Co, d2> - <k% + 5”% - k1n3 + ! 9 2/{51 + 5’03) .

Therefore, in view of Lemma 5.2, we can finish the proof of lemma. O

Let us return to the proof of Theorem 7.3. From Lemma 7.4 and Theorem 6.2, it
suffices to show

> ow {F(—lﬁ)r(—z@)r <_ ! ‘; Vz) r (_ ” ; VQ)

w
v1+vo v]+vo
2 ni+rk na2+ B) n3+ B) +K _
X E C’nhmmxl Ty T =0

ni,n2,n3>0

to prove the expansion formula (12). Hence the following lemma concludes Theorem
7.3. 0

Lemma 7.5. Put

1w Vi + 1y Vi — 1
R ) L ) R

and
E(V17V2) _ B(V1,V2) + Bwl(VLVQ) _ B(Vl,Vz) + B(V2,V1)

ni,n2,n3 ni,n2,n3 ni,n2,n3 ni,n2,n3 ni,n2,ng’

Then we have BY22),, = 0 for all (n1,m9,n3) € N3,

Proof of lemma. We can see that the recurrence relation (15) is invariant under the
action of wy on (v, 1), then B;fﬁ(f;ﬁ;) satisfies (15), therefore B,(@'ﬁh”;,zw also satisfies
it. Then if we can verify Bé,”&’éjz) = 0, we may conclude that Bfﬂl,hyf,%g = 0 inductively.

Since the recurrence relation (8) leads
1’1(1/151/2 + 1)

Co,(ul,ug) _
0 i \T(ky + 252 + 1)
we have
vl v+ v v — v v v
Biae? =T (=u)I ()T (_ = 2) b (_ = 2) r (51 — k)T (‘52 +r)
y Z M2 +r+1I(% -r+1) (%52 +1)
D=k =% +r+1)I(-k+% —r+1) KIT(k+525241)

k1>0

By means of the identity:
Z ['(a)T(b)(c) _ T(el(a+b+c—2)
kllf(a —

k)LD —k)C(c+ k) Tla+c—1)I(b+c—1)

k12>0



26 MIKI HIRANO, TAKU ISHII, AND TAKAYUKI ODA

which follows from Gauss’ summation formula ([37]), we get

V1,02 v+ v vV — UV v v
Bl = Menr o (2 ) o (g2 ) e (G )1 (-5 )
1"(1/151/2_1_1)
M(—%2+4+rk+1)0(% —r+1)
V1+V2) s 1

~rewrenr (-252) e e

X

Then we can see that Eé’f&’ow) = ng&’(;@) + ngéfghw) =0. 0

Remark 7.6. Miyazaki and Oda ([22]) obtained the explicit formula of the Pj-
principal series Whittaker functions on Sp(2,R). The radial part of the primary
3 —
Whittaker function is W?(x1, x2) = 2123 exp(—%)W?(x1, x5) with
—~ k-1

00 2
2 _ k—1 kel t 16125 \ dt
Vo) = at ! [T 0o (- - P57

Here W, ,, is the classical Whittaker function ([37]). By using Wy, (t) = \/t/7K,(t/2)
and substituting t — 4+/txs, we arrive at

= [ = dt
WZ(xb 1:2) — 9l=2k_ —3 / <ZL’1JI2) K, (2 /—m2) exp (—t _ ﬂ) .
0

t t/ t

We note that \/xK,(x) is a radial part of the class one Whittaker function on
SO(3,R). Hence we may expect the primary Py-principal series Whittaker functions
on Sp(n, R) are written in terms of the class one Whittaker functions SO(2n+1,R).

8. MELLIN-BARNES INTEGRAL REPRESENTATIONS

In this section we give a Mellin-Barnes integral representation of the primary
Whittaker function W(x). A (single) Mellin-Barnes integral is the contour integral

of the form
/F(z)zs dz,

where the path of integration is a line parallel to the imaginary axis in the complex
plane, of sufficiently large real part to ensure that all the poles of F'(z) on its left.
A Mellin-Barnes integral representation for the class one Whittaker function

3 —
We(y) = y2ysW°(y) on SO(5,R) is given in [11] (cf. [12]). We first rewrite it.
Proposition 8.1. We have
— 22
we - = Ve ’ —201 —202d d ’
() 2/ 1) /Ul /02 (01,02) Y1 ~7'yy " doadon

where the 2-chain of integration is a product of paths given by
(p1 — V=100, p1 + V—100) X (pg — vV —1o0, ps + vV —100)

with the real numbers py and py fized as
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p1 > sup{|Re(n1)[,|Re(1n)[}; p2 > sup{|Re(r1 + 12)|, [Re(r1 — 12)|},

and

0 _ Y2 _
V (0'170'2) —F<01+ 2)F(O’1 2>F(0'2)
(o1 +7) (oo +7+ ) (02 +7 - Z2)0 (=7 + Z)(—7 - %)

27T\/ / [(oy + 09+ 7)
Proof. By [11, p.532 (4.5)],
v v v 2
Vo) =T (ot 5) T (0= 5) P+ 5) 1 (0 =)
Do) oz + “AOT 0y 4 U522 )0 (0g — B542)
[(oy + 02+ ﬂ)r(al + o2+ %)

% oF O'1+ , O'1+ , O'2+_V1—5V2 1
302 0'1+O'2+2,0'1+0'2+V72 '

dr.

If we use the formula
C(a)T(O)T(d — a)'(d —b)T'(e — ¢) a, b, c
r<d>r<e> o

/ rb+rnl'e—c+n)I'(d—a—-b—7)I'(—7)
27r\/_ Le+T)

(31, 4.2.2]) witha = o1+ %, b =0+ 232, c =01+ %2, d =01 +0+ %
e =01 + 02 + % and substitute 7 — 7 — %, we find the desired expression. O

dr

Theorem 8.2. We have
—~ 4
W($) = m/ / / / VO(O'l,O'Q)F<81>F<81 — 01 — /ﬁ))
X T(s2)T(s2 + 01 — 09 — k) 2y Fay 27 o 2 dsyds doqydoy .

Here the 4-chain of multiple Mellin-Barnes integrals is taken such that

Re(o; + k) > Re(s1) > 0; Re(—01 + 03 + k) > Re(sg) > 0;
Re(o1) > sup{|Re(11)|, [Re(r2)[}; Re(os) > sup{[Re(v1 + 12)], [Re(v1 — 1)}

Proof. We substitute the Mellin-Barnes integral representation of W”(y) into (11)
to find

g e [ (o)

dty dt
X T1%2%3 1 (Itgtg) —1—2d0'2d0'1
t1t2 tQ tl t2

o x dt o
- D) e — iR, (2
/0 eXp( t> [ = 20K (2v7)

In view of
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1 —s
= 27T—\/__1/SF(S)F(s+a)x ds,

for € C ([37]) we have the assertion. O

Correction There is an obvious mistake in our previous paper [8]. In the definition
of I(Py;0,v) in the end of section 1, exp(rv + 1) should be exp(r + 2). We thank
Mr. Tadashi Miyazaki for pointing out this error.

REFERENCES

[1] Bump, D. and Ginzburg, D., Spin L-functions on symplectic groups, Internat. Math. Res.
Notices (1992), no. 8, 153-160.

[2] Gelfand, I. and Zelevinsky, A., Canonical basis in irreducible representations of gl and its
applications, Group Theoretical Methods in Physics vol.II, VNU Science Press, 1986, 127-146.

[3] Harish-Chandra, Spherical functions on a semi-simple Lie group I, II, Amer. J. Math. 80 (1958),
241-310, 553-613.

[4] Hashizume, M., Whittaker functions on semisimple Lie groups, Hiroshima Math. J. 12 (1982),
259-293.

[5] Hirano, M., Fourier-Jacobi type spherical functions for discrete series representations of
Sp(2,R), Compositio Math. 128 (2001), no. 2, 177-216.

[6] Hirano, M., Fourier-Jacobi type spherical functions for P,-principal series representations of
Sp(2,R), J. London Math. Soc. (2) 65 (2002), no. 3, 524-546.

[7] Hirano, M., Fourier-Jacobi type spherical functions for principal series representations of
Sp(2,R), Indag. Math. (N.S.) 15 (2004), no.1, 43-53.

[8] Hirano, M., Ishii, T., Oda, T., Confluence from Siegel-Whittaker functions to Whittaker func-
tions on Sp(2,R), Math. Proc. Cambridge Philos. Soc., 141 (2006), 15-31.

[9] Hirano, M., Oda, T., Integral switching engine for special Clebsch-Gordan coefficients for the
representations of gls with respect to Gelfand-Zelevinsky basis, preprint.

[10] Hirano, M., Oda, T., Secondary Whittaker functions for Pj-principal series representations of
Sp(3,R), Proc. Japan Acad., 81, Ser. A (2005), 105-109.

[11] Ishii, T., A note on class one Whittaker functions on SO,(2,q), J. Math. Sci. Univ. Tokyo,
10 (2003), 519-535.

[12] Ishii, T., On principal series Whittaker functions on Sp(2,R), J. Funct. Anal. 225 (2005),
1-32.

[13] Ishii, T., Moriyama, T., Spinor L-functions for generic cusp forms on GSp(2) belonging to
principal series representations, preprint.

[14] Knapp, A. W., Representation Theory of Semisimple Groups; An Overview Based on Exam-
ples, Princeton Univ. Press, 1986,

[15] Kostant, B., On Whittaker vectors and representation theory, Invent. Math. 48 (1978), 101—
184.

[16] Lee, S. T., Nishiyama, K., Wachi, A., Intersection of harmonics and Capelli identities for
symmetric pairs, preprint.

[17] Maass, H., Siegel’s modular forms and Dirichlet series, LNM 216, Springer-Verlag,

[18] Matumoto, H., Whittaker vectors and the Goodman-Wallach operators, Acta Math. 161
(1988), 183-241.

[19] Miatello, R., Wallach, N., Automorphic forms constructed from Whittaker vectors, J. Funct.
Anal. 86 (1989), 411-487.

[20] Miyazaki, T., The generalized Whittaker functions for Sp(2,R) and the gamma factor of the
Andrianov L-function, J. Math. Sci. Univ. Tokyo 7 (2000), 241-295.

[21] Miyazaki, T., Oda, T., Principal series Whittaker functions on Sp(2, R). —Explicit formulae of
differential equations—, Automorphic forms and related topics (Seoul, 1993), 59-92, Pyungsan
Inst. Math. Sci., Seoul.



WHITTAKER FUNCTIONS 29

[22] Miyazaki, T., Oda, T., Principal series Whittaker functions on Sp(2, R) II, Tohoku Math. J.
50 (1998), 243-260; Errata, ibid. 54 (2002), 161-162.

[23] Moriyama, T., Entireness of the spinor L-functions for certain generic cusp forms on GSp(2),
Amer. J. Math. 126 (2004), 899-920.

[24] Niwa, S., Commutation relations of differential operators and Whittaker functions on Spa(R),
Proc. Japan Acad. 71 Ser A. (1995), 189-191.

[25] Oda, T., Hodge structures attached to geometric automorphic forms, Automorphic forms and
number theory (Sendai, 1983), 223-276, Adv. Stud. Pure Math., 7, North-Holland, Amsterdam,
1985.

[26] Oda, T., An explicit integral representation of Whittaker functions on Sp(2, R) for the large
discrete series representations, Tohoku Math. J. 46 (1994), 261-279.

[27] Oda, T., and Tsuzuki, M., Automorphic Green functions associated with the secondary spher-
ical functions, Publ. Res. Inst. Math. Sci. 39 (2003), 451-533.

[28] Oshima, T, A definition of boundary values of solutions of partial differential equations with
regular singularities, Publ. Res. Inst. Math. Sci. 19 (1983), 1203-1230.

[29] Prudnikov, A. P., Brychkov, Yu. A.; Marichev, O. L., Integrals and series, vol.3, Gordon and
Breach Science Publishers, 1986.

[30] Shalika, J., The multiplicity one theorem for GL,,. Ann. of Math. (2) 100 (1974), 171-193.

[31] Slater, L. J., Generalized hypergeometric functions, Cambridge, 1966.

[32] Stade, E., Mellin transforms of GL(n,R) Whittaker functions, Amer. J. Math. 123 (2001),
121-161.

[33] Stade, E., Archimedean L-factors on GL(n) x GL(n) and generalized Barnes integrals, Israel
J. Math. 127 (2002), 201-219.

[34] Vo, S. C., The spin L-function on the symplectic group GSp(6), Israel J. Math. 101 (1997),
1-71.

[35] Vogan, D., Gelfand-Kirillov dimension for Harish-Chandra modules, Invent. Math. 48 (1978),
75-98.

[36] Wallach, N., Asymptotic expansions of generalized matrix entries of representations of real
reductive groups, SLN 1024 287-369.

[37) Whittaker, E. T., Watson, G. N., A course of modern analysis, reprint of the 4th (1927)
edition, Cambridge University Press, 1996.

DEPARTMENT OF MATHEMATICS, EHIME UNIVERSITY, 2-5 BUNKYO-CHO, MATSUYAMA, EHIME,
790-8577, JAPAN

E-mail address: hirano@math.sci.ehime-u.ac.jp

CHIBA INSTITUTE OF TECHNOLOGY, 2-1-1 SHIBAZONO, NARASHINO, CHIBA, 275-0023 JAPAN
E-mail address: ishii.taku@it-chiba.ac. jp

GRADUATE SCHOOL OF MATHEMATICAL SCIENCES, UNIVERSITY OF TOKYO, 3-8-1 KOMABA,
MEGURO, TOKYO, 153-8914 JAPAN
E-mail address: takayuki®@ms.u-tokyo.ac. jp



Preprint Series, Graduate School of Mathematical Sciences, The University of Tokyo

UTMS
2006-5

2006-6

20067
2006-8

2006-9

2006-10
200611

200612

2006-13

200614

2006-15
2006-16

Jin Cheng, Yanbo Wang and Masahiro Yamamoto: Regularity of the Tikhonov
reqularized solutions and the exact solution.

Keiichi Gunji: The dimension of the space of siegel Eisenstein series of weight
one.

Takehiro Fujiwara: Sizth order methods of Kusuoka approximation.

Takeshi Ohtsuka: Motion of interfaces by the Allen-Cahn type equation with
multiple-well potentials.

Yoshihiro Sawano and Tsuyoshi Yoneda: On the Young theorem for amalgams
and Besov spaces.

Takahiko Yoshida: Twisted toric structures.

Yoshihiro Sawano, Takuya Sobukawa and Hitoshi Tanaka: Limiting case of the
boundedness of fractional integral operators on non-homogeneous space.

Yoshihiro Sawano and Hitoshi Tanaka: FEquivalent norms for the (vector-
valued) Morrey spaces with non-doubling measures.

Shigeo Kusuoka and Song Liang: A mechanical model of diffusion process for
multi-particles.

Yuji Umezawa: A Limit Theorem on Mazximum Value of Hedging with a Ho-
mogeneous Filtered Value Measure.

Toshio Oshima: Commuting differential operators with reqular singularities.

Miki hirano, Taku Ishii, and Takayuki Oda: Whittaker functions for Pj-
principal series representations of Sp(3, R).

The Graduate School of Mathematical Sciences was established in the University of
Tokyo in April, 1992. Formerly there were two departments of mathematics in the Uni-
versity of Tokyo: one in the Faculty of Science and the other in the College of Arts and
Sciences. All faculty members of these two departments have moved to the new gradu-
ate school, as well as several members of the Department of Pure and Applied Sciences
in the College of Arts and Sciences. In January, 1993, the preprint series of the former
two departments of mathematics were unified as the Preprint Series of the Graduate
School of Mathematical Sciences, The University of Tokyo. For the information about
the preprint series, please write to the preprint series office.

ADDRESS:

Graduate School of Mathematical Sciences, The University of Tokyo
3-8-1 Komaba Meguro-ku, Tokyo 153-8914, JAPAN

TEL +81-3-5465-7001 FAX 481-3-5465-7012



