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1 Introduction

Harish-Chandra expansion of the matrix coefficients of standard representations of a real reductive
group has been one of the fundamental themes in the real harmonic analysis on real redutive groups.
The investigation and result of class-one principal series by Harish-Chandra have been considered
to be rather satisfactory. However, say, to have deeper arithmetic results for automorphic forms, it
seems to be necessary to have more effective computable results on this kind of expansion for more
general class of represenations including discrete series represenations. Futher it is much better to
have more explicit results not only on the leading coefficients but also on the coefficients of higher
degree in each term of the asymptotic expansion, which is a kind of hypergeometric series. But
this problem seems to be quite difficult currently to discuss generally.

In this paper, we find the expansion formula of the matrix coefficients of the relatively small
generalized principal series representation (which we sometimes refer as P; principal series) of
the real symplectic group of the real rank 2, Sp(2,R). The reason of the choice of this type
of representations is because it has the same invariants (the Gelfand-Kirillov dimension and the
Bernstein degree) as the large discrete series of Sp(2,R). Thus we may expect that a similar result
is also valid for the large discrete series.

In contrast to the class-one case where the expansion consists of the terms corresponding to
elements of the Weyl group (of order 8 here), our expansion has 4 terms (c¢f. Theorem 6.1). Here
4 is the Bernstein degree of our representations. Moreover we have explicit power series expansion
with respect to a (probably) good choice of local parameters at infinity (¢f. Theorem 7.1).

In the literature there are a number of papers to compute Harish-Chandra expansions, nor-
mally for relatively small groups. But it seems to be few results to handle the case of parabolic
induction with respect to a non-minimal parabolic subgroup of a group with real rank bigger than
1. Therefore, in view of the relation between the Plancherel measure and c-function (i.e., the
coefficients of the asymtotic expansion), our determination of the corresponding coefficients might
also be interesting.

Our method of proof is done by a very down-to-earth or ’elementary’ manner. We take the
advantage to start from an (Eulerian) integral expression of our matrix coefficient in terms of
Gaussin hypergeometric function, obtained in a previous paper [2]. What we neesd is the classical
connection formula of Kummer and some general frame work of the asymptotic behavior of the
ideally analytic solution of holonomic systems in our setting (§4 and §5).
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2 Pj-principal series representations

In this section, we recall some facts about representations of Sp(2,R) and their K-type. Notations
are same as those of [2].

Let G = Sp(2,R) be a split real semisimple Lie group of real rank 2 with a maximal compact
subgroup K which is isomorphic to the unitary group U(2). The group G has two standard
maximal parabolic subgroups. One is associated with the short simple root e; — es and called the
Siegel parabolic subgroup. The other is associated with the long simple root 2e; and called the
Jacobi parabolic subgroup P;. Some people call this subgroup the Klingen parabolic subgroup.

We set the Langlands decomposition of P; is P; = Mj;A;N;, then M; is isomorphic to
SL(2,R) x {£1}. Let D;" is the holomorphic discrete series representation of SL(2,R) and D; is
the anti-holomorphic discrete series representation of SL(2,R). The parameter [ is the Blattner
parameter, which satisfies the condition that | € N and [ > 2. We denote the character of
{£1} by € and the complex valued linear form on a; = Lie(A;) by v. The generalized principal
series representation of Sp(2,R) which we call P;-principal series representation is the induced
representation T(DE e)w = IndICjJ(Dli Re® 611/+PJ ®1idn, ). Here, idy, is the trivial representation
of Ny and py is the half sum of positive roots corresponding to N ;.

A Pj-principal series representation has a special K-type of multiplicity free. We call the
K-type as “the corner K-type”.

If the character e of {£1} satisfies e(—1) = (—1)!, then the corner K-type of T(p* is the

one dimensional representation 7 ;) whose highest weight is (1) and if £ = (—1)"*! holds, then
the corner K-type is the two dimensional representation 7(; ;1) whose highest weight is (1,1 -1).

€)V

Let (n, V), (1,V;) be in K. We denote the contragredient representation of 7 by 7*. We define
the space of spherical functions

Cotn(K\G/K) ={f:G =V, @V | fisaC> function, f(ki1gks) = n(k1) ® *(k2) " f(9),

Vg € G,Vki, Vs € K}.

In this paper, we consider the matrix coefficient ¢ € C (K\G/K) of T(D* ey for k > 1

Tk k)T
and k =1 mod 2 and £(—1) = (—1)! (It goes almost same way for the case of (—1) = (—1)!1.).
If k <lork =1 mod2 holds, then ¢ = 0 (Proposition 3.4 and Lemma 4.2 in [2]). That is why
we call 7 ;) the corner K-type.
We denote the standard split Cartan subgroup of G by

A = {diag(a1, az,a;*,a5") | ar,as € Rog}.

The system of partial differential equations satisfied by the A-radial part of ¢ is the holonomic
system. We choose the coordinates of A as (x1,x2) determined by a1 = expx1,as = exp zs.
We recall the system of differential equations satisfied by ¢ (Theorem 7.5 in [2]).



Theorem 2.1. ¢ satisfies the following system of differential equations :
8 0
ox; ¢

927 o+ Z{Q coth 2z; + coth(zy + x2)}
= 1

+ coth(z; — xg)icﬁ — coth(z; — l‘g)i¢
8‘%2

8%1
—(k* 4+ 1?)(sh 2 21 +sh 2 z3)p + 2kl(ch 2x1 - sh™? 221 + ch 25 - sh™2 225) ¢
={v* + (1 -1)? - 5}9, (2.1)
282 aa ¢ + {2l coth 229 — 2k sh™" 2z + coth(z; + x2) — coth(z; — xg)}—d)

+{2l coth 2z, — 2k sh™ 2z, + coth(z1 4+ x2) + coth(x; — x2)}a—x2¢

+2(l coth 22y — ksh™' 2z1)(l coth 229 — ksh™ 2z5)¢
+(l coth 2xy — ksh™" 2x5)(coth(zy 4 23) + coth(zy + x2))¢
+(lcoth 2z — ksh™" 22;)(coth(zy 4 22) — coth(z; + 22))¢ = 0. (2.2)

In the following section, we will determine characteristic roots of the system around the infinity,
ay/as = 0,as2 = 0 (Note that a1 /as and a% correspond simple roots e; — ea and 2eq respectively).
There are 4 characteristic roots, so the system has 4 independent solutions. A solution ¢ is a linear
combination of these solutions and its coefficients are analogues of c-functions.

3 The holonomic system

We put 6(21,29) = (chay chxy)H9)/2(shzy shag)(=#)/2 and
V(z1,22) = 0(21, 22)P(21, 22).
Proposition 3.1. ¢ satisfies the following system of partial differential equations.

2 2
0 » )
; (’)733?1/} + ;{% sh™" 2z; — 2(l — 1) coth 21:,;}%@[,

sh 224 0 sh 2z
G2 a2 0 LT a2 2o vi— (-2 3.1
sh? L1 —sh? T2 3$1w sh? T —sh? To 833 pr { ( ) Yo (3.1)
o? 1 h?2 ) 1 h?2 )
s Y T g e =0 (3.2)
0x10w9 2sh” zy — sh® 2y Ox1 2sh?z; — sh? zy 0o
Proof. This system is easily obtained from Theorem 2.1. O

We will transform this system into the system with variables
y1 = (a1/a2)® = exp2(z1 — x2), Y2 = a3 = exp2,.
Since y1y2 = exp 2x1, we have

oy -yt oyl -1 yo—yy ' yz—1

sh2z; = = , sh2xy = =
2 2y1y2 2 2y2
1 —1 -1 -1
sh?z; —sh? 2y = =(ch 2z — ch2z,) = VY2t Yy Y2t Y
2 4 4
=Dy -1
4y1y2
ety yz y%yiﬂ yatus' _yz+1
coth2x, = = coth2xy = = =5 ,
Yiy2 — Y yz ZU1 y2 I Y2 — Yg y3 — 1



and

0,0 0,0, 0
0xq oy Oy1’ 0w o Oy1 P2 0ys Oy

We regard ¢ and v as functions in variables y1, y2 below. Then, we have the system of differential

equations in yi,ys as follows.

Proposition 3.2. ¢ satisfies the system differential equations:

0 \? B B o \?
42— —2(y1— — )+ (yp=—
{ (ylf?m) <y13y1> (yzﬁyz) (y23y) }w
dkyiys  dkyo yiys + 1 y§+1}< 3)
+ —2(—1 +201—1 %y ——
{y%zél yrl (=D et y3—1 ( )yifl Ny )Y
4]€y2 0
—92 _1 —_
s (g ) v
yiys — 1+y1(y2—1)( 8)¢
(11 — 1) (vay3 — 1) "oy
={v* - (1-2)*}v,

(o) (o s )
1/15,?!1 ylay y28y

2
1
2
Y1y

yi(ys — 1) ( 5’)
+4 (1 — D(nyZ — 1) \P oy, 4

ln@ -+l -1 (y15>w+1 yiys 1 <y28>1/1=0
21 '

2 (y1—1D)(y1ys — 1) oy y1— 1) (y1y3 — 1) Oy

4 Characteristic indices
We set

Y(y1,42) = y?yg + higher powers,
that is, («, 3) is the leading exponent of ¢ at (y1,y2) = (0,0).

Proposition 4.1. («, 8) is one of the followings :

1
(§a,ui)’ (/J“ia,ui)'

v o l— 2

H =4+— - —
ere, fix =+ 5
Proof. If we set ¥(y1,y2) = yf‘yg + higher powers, then we obtain the indicial equation
1= 1=,
04(7044*6) - 5(_1)20[4’ 5(_1>26 =0

from the equation (3.4). The solutions of this equation is

1
a:§ or = f.

We obtain the other indicial equation from the equation (3.3) :

4(20% — 208 + ) + {—2(1 —~ 1)(_—11) +2(1 - 1)1} (2ct)

| E B
{2 v ben s aSha=r - -2

(3.3)

(3.4)



In both cases a = 1/2 and a = 3, the equation (4.1) is equivalent to
43% +4(1—-2)8 = v* — (1 —2)%
Hence = +v/2 — (1 —2)/2. O

We denote ¢ with the leading term y?yg by 9,8
Since the multiplier 6(z1,z2)~! is expanded as
(5(:6171‘2)71 = (Chﬂ?l Chxg)i#(shl‘l th2),%
Ltk =k

B al—i-afl.ag—l—a;l o2 al—afl.ag—agl 2
B 2 2 2 2

= 224! al (1 + higher order)

= 2%(y y2)%y2% (1 + higher order)
= 22[19% yé(l + higher order),
we have
8(1,72) a5yt 92) = 297 yb(1 + higher order) - (yf'ys + higher order).
So we set
Pati/2,5+1(Y15Y2) = 27265(w1, 22) " a5 (Y1, Y2)- (4.2)

The leading term of this function ¢o/2 541 is

z+71 pttl . 1
yléyé-y?yfz{yl V2 fa=g F=pn
A
yt Pyt ifa=p=pe.

These exponents are same as the Siegel-Whittaker function and the Whittaker function([1]).

5 The singular boundary value problem

We would like to represent 1 as the linear combination of 14 3.

To do that, we will obtain analytic continuation of ¢ from (y1,y2) = (1,1) , which corresponds
to the identity of G, to (y1,y2) = (1,0) at first, then (y1,y2) = (1,0) to (y1,y2) = (0.0). The first
part was almost done in §9 of [2]. So we discuss the latter part in this section. General references
for the singular boundary value problem are [5] and [6].

5.1 Justification of the singular boundary problem
We obtain the following equation by 1/4 x the equation (3.3) 4+ 2 x the equation (3.4).

(mgey) o {2t DA Y (2

2kys — (L= 1)(y3 + 1) yw%ﬂ}( 0 ) 1, ,
T + — ) =—{? - (1-2)*}.
{ yi—1 g —1) \B2gy, )Vt =27

This differential equation has regular singularities along ys = 0 and its indicial equation is

S U DU URNE DU
{5 e -0



Hence, we have § = +v/2 — (I — 2)/2 = p4, which is independent from y;. Therefore, when the
difference p4 — p— = v is not an integer, the above differential equation has a solution

Y(y1,y2) = at(y1,y2)y5 " +a—(y1,y2)yh~

Functions a4 (y1,y2) are real analytic function around (y1,y2) = (0,0). This solution is called the
ideally analytic solution.

So we assume that v is not an integer hereafter.
5.2 The equation of the singular boundary value

In the beginning, we will find the equation which is satisfied by fi(y1) = limy, o a+(y1,y2)-

Lemma 5.1. The function fi(y1) satisfies the following ordinary differential equation.

d\? d 1y1+1< d) 1 py
—) - — )+ = — ) == =0.
{(yl dy1> M+ (yl dy1> 2y —1 U1 dyr 21 — 1 fi(yl)

Proof. Inserting ¥(y1,v2) = a+(y1,y2)yh~ into the equation (3.4), we have

a\? 0 d '\ Oa+(y1,y2)
PE = (1= L Y2) + — Yo) + < ) —=2 72/
Yy ( <y1 8y1> ax(y1,y2) + pt <y1 8y1) ax(y1,y2) +y2 | 1 o 903

Clyi(y3 - 1)+ (yivs — 1) ( 5)
2 (yl _ 1)(y1y§ _ 1) yl 8y1 a‘:t (y17 112)

1 yiys — 1 ( 8ai(y1,yz))>
Py prat(Y1,Y2) +Yyo———— =0.
2T~ (g 1) (e se) D3

Dividing both sides of this equation by y5

* and taking limit y» — 0, then we obtain

- (yldjl) Je(y1) + pt ( )f:l: (y1)

lnEDAED () d Ll Dm0y
2 (yl_l)( ) ( y >f:t(y1) 2(y1_1)(_1)fi(y1)—0.

O

Now changing variables as y; = 1/¢, the equation in the previous lemma changes into the
Gaussian hypergeometric equation of fi({) = fi(y1) with parameters a = 1/2,b = ps,c =
pur+1/2=a+b:

d? 1 d 1 .
c0- 0+ {4 )~ s+ 5+ 106 21— s Pl =0
The solution of this equation is
0 oo 1 0 oo 1
f+(Q)="P 0 1 0:¢p=Pg 0 3 0 :1-¢
T—pr py 0 0 pe 32— ps

Therefore, the regular solution around ¢ = 1(this means y; = 1) is

1 1 1
o (Q,Hj:;l;l - C) = ol ( st 11— )
Y1



up to a constant multiple. We denote this function by fi(y1).
Using the connection formula of o F7 ([4] equation (9.5.8)):

o L(L'(b—a)
oF1(a,b;c2) = (1—2)7¢ T(e—aT) QFl( —b;1+a—0b; - )
_ y-ol(@l(a—b) Cabl—ath
+ (1 ) F(C ) (CL) 2F1< 7b71 +b’lz>7

1 1
= JF (11— —
f:t(yl) 211 (27,LL:E, ; y )

(yll)_é W 2F (;,1 — pt; g —Mi;?h)

(1) rlgnr(; —p

+) 1 1
+ ———— 2[1 < y U4 o +Mi,y1)
Y1 T(1— pe)T(35) 2
Cps —3) 1 1 3
_\PE 2/ Fl=1- .2 .
ﬁF(Hi) y] 2471 27 Mi’Z M43 Y1
INE=
+ (2 :u:I:)

1 1
m?/fi 2 F1 (271&3 >t Mi%yl)
Note that our hypothesis v ¢ Z guarantees that the Gamma functions in numerators have no poles.

The function at (y1,y2)ys* = f+(y1)ys* (14+0O(y2)) is a linear combination of ¢, 5. Comparing
the leading term, we have

1 3 .
Uy (1 92) = Y1 5% oy (2,1ui;2ui;y1) + (higher order term),

s 1 1 )
Ve (Y1, y2) = YL Yh™ o Fy <2,ui; 5 T hs yl) + (higher order term)

and

D(ps —3) L(3—ps)

ai(ylva)yl;i = \/77—1_‘(#:‘:) w%,ui (ylva) \/>F(1 — )wuiJLi (ylayQ)

6 The Harish-Chandra expansion

The matrix coefficient ¢ corresponding to the corner K-type of T (D &) WaS proved to be repre-
sented as

101
d(x1,22) :(5(371,:52)_1F10< ,u1+ ’UCT 2 2 ;—sh2x1,—8h2x2>,

where Fig is a hypergeometric function

a b c1 e ) m1+m2 )m1+mz (Cl)m1 (62)7712 my_m

F ;X1, T xytwy?
10 ( d e L2 22: my!ma! (d)m1+m2 (€)m1+mz ! ?
I'(A+n)

and (\), = o)

(Theorem 8.1 in [2]).



3+k—-1 1
Theorem 6.1. Assume v & Z. We set C' = % € §Z —Z and py as above. The A-radial

part of the matriz coefficient of the Pj-principal series representation with respect to the corner
K-type 71

pe po 11
5($1,x2)_1F1o( 1+ ol 2 2;—sh2m1,—sh2x2)

has the following expansion around y; = yo =0 :

A+ D (= 0(C)  (T(ps — 4 It —pup)
VAT ()T (C = i) { TG O/t T T ) u+)¢~++W2w++z}
=T )r(C)  [T(u- —3) T(L - )
VAL (g )D(C — p) { T(p_) Putn)/2p 1+ I‘(lu)(b#—ﬂ/?,u—ﬂ}-

Proof. By setting By = By = 3 ,B=DB1+ By =1and ugy =45 — 52 we have

3
1 1
Flo('ufr ,ué 2 2;ﬂ1a772)

N r(,f()_ry()cr*(_c,)m (=) " Fapas %vw —CH L L+ L1 —m/m,1/n)
D()0(C) L | |
F(/@)I‘(C—p,)(i%) FQ(M—,?H— —C+ L1, —v+11—m/n2,1/n2) (6.1)

from the equation (9.8) in [2]. Though we required the condition B ¢ Z in Theorem 9.2 in [2],
that condition should be corrected as B ¢ {0, —1, —2,...}(see [3]). So we can apply the theorem in
the current problem.

We would like to know the asymptotic behavior of the matrix coefficient as y1,y2 — 0. Since
we put y; = (ai/a2)?,y2 = (a2)? and a; = expz; (i = 1,2) in Section 3, the limit y;,y2 — 0
corresponds to x1,x2 — —00.

As x; — —oo (that is, a; — 0),

m = —sha, = =222 (1 Ofexp(aa)) = 4;2(1 +0(?) (i=12)
Then we have
1—2:1—§Q+OWWO+O@D=1—;U+O%W»“+“Wm
L= 431+ 0(a)) = ~dya(1 + O(n2).

12



Using results of §5, the equation (6.1) is asymptotically written as

11
Flo(ul'Ir ’uc_ 2 2;—sinh2x1,—sinh2x2>

Nt T
F(M_)F(C_M+)(4y2) F2(H:+,2,/L+ C+1,1,1/+1,1 Y1 s 4y2)
L@)I'(C)

1
e = CH L L v+ L1 -yt —dy)

(4y2)"= Fa(p—; 5

L(py)T(C = )

HTIT(C) . L
TGN = 2 g )

YT e by, 211 — ),

T(u)D(C — po) 2
B F4(;:¢+_1;(r_(é)i<ij)y§*f+(y1) + p(4 Hﬁ)r (() ©) )yS f-()
4#+T(—v)T(C) e T'(v ) (©) "
~ F(u,)F(C—M+)a+(yl7y2)y2 —+ ( OTC = ) a_(y1,y2)yh
_ A T(=0(C) (T(ut —3) T(L—py)
- D(p-)T(C = ) ( NN Vb (W1,92) + mqm et (yuyz)>
I(3—p-)

44~ T(r)D(C) <F(u )
FOL(C — po) \ VAT (o) VAT(I -
Since y2 = a2 > 0, the blanch of the complex power yg * is determined.

Multiplying (1, x2)~! on both sides of the above equation, we have the result by the equation
(4.2). O

Y1 (Y1,92) + )% . (y17y2)>-

From the above theorem, we find that analogues of c-functions are

) = 4#H D ()P (O)D (g — L)
BT VAT (o T(C = )T ()
Qv 2D (—y) D (A=E2 p(2=lt)
\/77.11( 7V721+2)1—\( 7u+k:+1 )F( ufé+2) ’
o) 4Dy )F(C)F(u— -1
2T AT ()0 (C — o) (pe)
92— I/+l+21“( ) (k l+3)r( v— l+1)
\fl—\(u—z+2 (y+k+) (== z+2 = c1(-v),
) = 4#+HD (=)D (O (4 — /m
’ VAL (- )T(C = )T (1 = puy)
V2D (—y) D (E=lE8)p (=1L
/Al (U5 ) (=25t p (=g
v = 4= HD()D(O)(L — o)
AT AT ()D€ — )T — i)
2—V+l+2F(V)F(M)F(Ll—1)

— 2 2 —
© ek




7 Power series expansion of the fundamental system of so-

lutions

To obtain the Harish-Chandra expansion of the matrix coefficient, only the asymptotic behavior

of the solutions of the system (3.3), (3.4) was required.
In this section, we have explicit power series expression of 9, g.

Theorem 7.1. Let uj,us be

sh? To 1

Uy = ——5—.
7 2
sh® x1 sh” x4

Uy =

Then, Ya,5(y1,Yy2) = 4’[3\I/a7g(u1,u2), where

\I/; #i(ul,UQ)

:u2ulii Z (_Ni—n—Fl)m(%)m.(Mi_%)n(/ii %—I—%)numun
b m,n>0 (_ui_n+§)7nm! (2Mi+l_ ) L

3 (bt — $n(ps — 3 + 55 1 3
:ufugiz ( 2F1 57_Mi_n+1;_ui_n+§;ul Ug

— 2uy +1—1),n!
and
Wy (“1»U2)
g 355 Mt (e 145
nOg 0] Mi-I—TH- ), 2uy +1—1)pn!
-k
_ Mt B (it )n(pt — 14+ 55)y 1 . 1 S
= Uy~ Uy nz::o (2,Ufi+l_1)nn' 2F1 §,Mi+n,ﬂi +n+§,u1 Uy Ugy -
Here

(a)p =ala+1)---(a+n—-1) (n#0), (a)o = 1.

As is seen in the proof of Theorem 6.1, we have u; ~ y; and us ~ 4yo as y1,y2 — 0.
At first, we will express P and ) with new variables w1, us.

(7.1)

Proposition 7.2. We denote the differential operator in the equation (3.3) by P and that in (3.4)

by Q. P and Q are written with variables uy,us as :

P = 4(2—’&2—’&11@)19%4—4(1—’&2)19%—8(1—’&2)191192
4 —k l—k
+u1_1{1+u1— UQ+(Z—]<;—2)U1U2—2U?U2}191
4 l—k l—k—2
—u11{l—1—(l—2)u1— 5 Ugy + 5 ulug}ﬁ2+(l—2)2—
lup+1 1 1
Q = —ulug{ﬁ 191’[92-’-2 1—1191_2111—1192}.
Here, we set 9; —u-i (i=1,2)
’ 1 T Za'u,i - 9 .

Indicial equations of P and @) are

1 1
8a? +44% —8af —4a+4(1 - 1)+ (1—2)? —v? =0, az—aﬁ—§a+§ﬁ20

10

(7.4)

(7.5)



respectively and the solutions of these equations are

(0,6) = (5o112), (s, ).

where py = +v/2 — (I —2)/2.
This is a kind of the modified Appell’s F5 system.

Now we put the analytic kernel of P,Q as
U,.5(u1,u2) = u‘fug Z A UL UG

m,n>0

We normalize this solution as ago = 1.
Comparing the leading term of ¥, g with that of ¥4 g as y1,y2 — 0, we can see that

U p(ur,uz) = 4790 g(y1, y2).

1
Note that pi € —Z, since we assume that v € Z in Section 5

It is easy to prove the following lemma.
Lemma 7.3. If QU g(u1,uz) = 0 holds, then a,» satisfy the following recurrence equations

(@t m =)@~ F+m=n—)an 1,
+(—a+pB-—m+n)(at+m-— i)am,n =0 (m #£0) (7.6)

(~a+ § 4+ m)(a— o =0

71 Casel: oz—%
In this subsection we determine a, , for the case (o, 8) = (1/2, py).
In this case, any ag ,, satisfies (7.7). On the other hand, we have

(B+n—1) - (m = H)m 3

" _ B-—m+n)(—m+n+1)-- "
e B-m+n—3B-m+n+3)-B+n-3) mm-1)---1 on
(Bt @)
(7t D,m
(et )y (*)
T honrd,m =

from (7.6), where
Therefore we have only to determine ag,, (n > 0) from PV, g(ui,u2) = 0.

Setting ¢, (uz) = Y oo @m,nuf, we have

o0
Vo p(ur,u) = uful Y Gt ul = uul > G (uz)u]
m=0

m,n>0

So we have only to determine ¢g(uz).
Lemma 7.4. ¢o(uz) is a solution of the Gaussian hypergeometric equation

ug(1 — ug) g (uz) + {r — (p+ ¢+ Duz} ¢4 (u2) — pgdo(uz) = 0.
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In particular, we have ¢o(uz) = 2 F1(p, q;7;u2) and

— (P)n(Dn

n = ; 7.9
0, (r)nn' ( )
with parameters
B 1 B 1 L l—k o 41
D=+ 27 q = K+ 2 9 ’ =+ .
Proof. We obtain the Gaussian hypergeometric equation from
uy “PUq g(ur, u2)|u;=0 =0
using
N Vap = u?ug Z (o +m) P (uz)ui”,
m=0
o0
Pas = uSul Z (@ +m)2 Py (ug)ull",
m=0
92Vas = BVaptufus™ D o, (u2)ul' = uful Y {Bdm(ua) + uzdl, (u2)} uf',
m=0 m=0
BWas = ufuy > {Fém(uz) + (26 + Duad), (uz) + u3e), (uz)  ul’,
m=0
1W2¥a,p = UpUp QT m m U2 U2Pp, (U2) § Uq
U102 W fug > (a4 m) {Bom(uz) + uagh, (us) b ul"
m=0
and indicial equations above.
The latter part is obvious from the assumption that ag,o = 1. O

Now, we have

Am,n =

(—pr —n+1)m (3),, (pt — Dnlpr — 5+ 550
(*Hi fn+%)mm! 2ue +1—1),n!

from equations (7.8), (7.9) and we have shown the former half of Theorem 7.1.

7.2 Case2:oz7£%

In this subsection we assume that o # 1/2, that is, « = f = py. From this condition and the
equation (7.7), we have ag, = 0 (n > 1). At the same time we have

1 1
(a+m—1)(m—n— i)am,lm +(—m+n)la+m— §)am7n =0
from (7.6).
Note that above coefficients of ay,—1.1n, Gm,n €xcept (—m + n) are not zero by the assumption

1
a=ps & §Z.
If m = n, then we have a;—1,m = 0.
If m < n, then we have a,, , = Cag, =0 (C is a constant which depends on m and n).
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If m > n, then we have

" _ (m—n—-%4(m-n-3)-- 3 - (a+m—-1)(a+m—2)--(a+n)

o (m—n)(m—-n—-1)---1-(a+m—1)(a+m—-2)--(a+n+1
(%)m*n(a—i_n)mfn

(m—n)l(a+n+21)mn

(%)mfn(,ui + n)mfn

n,n

= a 7.10
(=l 1+ D ™" )
from (7.6).
Therefore it remains to determine a, , (n > 0) from P¥, g(ui,us) = 0.
Since
Wy s (un,u2) = whHub® D0 "yt ub = (uau)* > ul Y anyjn(uaug)”
n=0j=0 j=0  n=0

holds, we have
s e (ur, ug) = tH* Z ®j (t)s’
§=0

where s = uy,t = ugug, () = Y oo o antjnt™. We have only to determine g (t).
Lemma 7.5. ¢o(t) is a solution of the Gaussian hypergeometric equation :

t(1—1)pp(t) + {c— (a+ b+ 1)t} gy (t) — abpo(t) = 0.
Hence we have ¢o(t) = o F1(a,b;c;t) and

Ann = (Cgi;ii)!n7 (7.11)

with parameters
l—k
a = [bt, b:ﬁti_1+?a c=2usx+1-1.

Proof. We denote ¥4 = 36%, Yy = t%. Then we have

9 = u ﬁg_kﬁg = g{—ug =, + 0
Vo M\ Guos Tow o) t\as T Par) T sl

P A N A
27 2\ Oug0s | ougot) U

Using above equations, we obtain the Gaussian hypergeometric equation from
Py g (5,1)]s=0 =0
in the similar way as Proposition 7.4. O
Now, we have

{ 0 m < n)
Am,n = () m—n(Bt+1)m—n (pt)n(pe—1+55),
o i 40t D @t =D (m > n)

from equations (7.10), (7.11) and we have shown the latter half of Theorem 7.1.

Remark 7.6. 1t is an interesting problem to compare our power series solutions with the confluenced
ones which were discussed in [1]
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