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Abstract. We consider a solution u(p,g,a,b) to an initial value-boundary value
problem for a hyperbolic equation:

d2u(z,t) = Au(z,t) + p(x)u(z,t), z€Q,0<t<T

u(z,0) = a(z), Ju(zx,0) = b(x), x € Q,
u(z,t) = g(z, t), €, 0<t<T.

and we discuss an inverse problem of determining a coefficient p(x) and a,b by ob-
servations of u(p, g, a,b)(x,t) in a neighbourhood w of 9N over a time interval (0,7)
and u(p, g,a,b)(x,To), Otu(p,g,a,b)(x,To), v € Q with Ty < T. We prove that if
T —Tp and Ty are larger than the diameter of €2, then we can choose a finite number
of Dirichlet boundary inputs g1, ...,gn by the Hilbert Uniqueness Method, so that
the mapping

{u(®, 95, a5,b5)|wx 0,7y w(P; g5, a5, b5) (-, To), Oru(p, g5, aj,b;) (-, To) h<j<n — {p;aj,bj}1<j<n

is uniformly Lipschitz continuous with suitable Sobolev norms provided that {p, a;,b;}1<j<n
remains some bounded set in a suitable Sobolev space. In our inverse problem, initial

values are also unknown, and we do not assume any positivity of initial values at all.

Our key is a Carleman estimate and the exact controllability in a Sobolev space of

higher order.
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61. Introduction.

Let 2 C R™ be a bounded domain with smooth boundary 92 and let us consider

O?u(z,t) = Au(x,t) + p(x)u(z, ), r e, t>0, (1.1)
u(z,0) = a(z), Owu(z,0)=0b(x), z € (1.2)

and
u(z,t) = g(x,t), xedd, t>0 (1.3)

Let g € L2(0Q % (0,T)) be given and smooth suitably. Then by u = u(p, g, a, b)(z,t)
we denote the solution to (1.1) - (1.3) within a suitable class which is described
later. Let v = v(z) be the unit outward normal vector to 092 at x, g—:ﬁ = Vu-v,
and let w C ) be a subdomain.

In this paper, we discuss an inverse problem of determining p = p(z), z € Q by

some observations. That is,

Inverse Problems. Let 0 < Ty < T} be given. Given g1, ...,gn € L?(0Q2 x (0,T)),

determine p(x), a;(x), bj(x) € 2,1 <j <N, by

u(p,gj7aj7bj)’w><(0,T))7 u(p7gj7aj7bj)(x7T0), RS Q7 .7 = 1; 7N

This is an inverse problem by a finite time of interior observations. As long as
inverse problems of determining coefficients in multidimensions by a finite number
of observations without smallness are concerned, one main methodology is by a
Carleman estimate, which was initiated by Bukhgeim and Klibanov [10]. See also
Baudouin and Puel [1], Bellassoued [3], [4], Bellassoued and Yamamoto [6], [7],
Bellassoued, Imanuvilov and Yamamoto [8], Imanuvilov, Isakov and Yamamoto [15],

Imanuvilov and Yamamoto [16-19], Isakov [20], [21], Klibanov [23], [24], Klibanov
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and Timonov [26], Klibanov and Yamamoto [27], Puel and Yamamoto [35], [36],

Yamamoto [40].

For example, by a method in Imanuvilov and Yamamoto [16], [17], we can prove

Theorem 0. Let a constant M > 0 and a smooth function n on Q be arbitrarily

giwven. Let 0 < t; < Ty and w C Q be a subdomain such that Ow D 02. We set

U = {p € WH>(Q); |Ipllwr=() < M, p=mninw}

Let u = u(p,g,a,b) € N_oC([To — t1,To + t1]; H>~7 () satisfy (1.1),

u(z, Tp) = a(x), Owu(x,Ty) = b(x), x €

and
u‘aQX(Toftl,To+t1) = g

with suitable functions a,b,qg. Moreover let

|u(p, g, a,b)|lcs (11 —t1, To+1]:H3 -3 ()5

||u(ﬁ7 g’ a? b)||Cj([T0—t1,T0—|—t1];H3_j(Q)) S M7 j = 07 17 2

We assume that there exists a constant 69 > 0 such that

la(x)|, |a(z)| > do on O\ w

and that

f sup |z — 2’|

t1 > in
z'€R™\(Q\w) £

Then there exists a constant C = C(M,dg,w, Ty, t1) > 0 such that

P = PllL2(0) < C(HU(P,Q, a,b) —u(p, g, a,b)||cs (11 —t:, Tott1):L2 ()

+Hu(p7 g, a, b) - u(ﬁa g? av b)HCl([To—tl,T0+t1];H2(w))

+lla —allg2 ) + 1|0 _EHHQ(Q))

(1.4)
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for all p,p € Uy.

As for the Lipschitz stability without assumption that p,p are given in w, see
for example Imanuvilov and Yamamoto [16], [17]. For completeness, we will prove

Theorem 0 in Appendix 1.

Here we assume that coefficients p and p are given in a boundary layer w and we
determine them in Q \ w by observations of the solutions in w x (Ty — t1, Ty + t1).
For the Lipschitz stability in our inverse problem, we have to assume the strict
positivity (1.4) on Q \ w of the given displacement at t = Ty. The Lipschitz stability
is mathematically satisfactory, but such a positivity condition is quite restrictive,
because (1.4) requires that we have to control the spatial distribution of the state
over a domain where coefficients are uknown. There have been many trials for
relaxing (1.4) (e.g., a # 0 in ), but it remains a serious open problem. We
note that with impulsive force terms represented by a Dirac delta function, the
Lipschitz stability results are known with ¢ = 0 with some smallness assumption

and see Glushkova [13], Li [32], Romanov [37], Romanov and Yamamoto [38].

On the other hand, by the Dirichlet-to-Neumann map requiring infinitely many
observations, we know the sharp uniqueness results (e.g., Belishev [2], Kurylev and
Lassas [30]) and stability (e.g., Bellassoued, Jellali and Yamamoto [5], Cipolatti

and F.Lopez [11], Sun [39]).

This paper gives a partial answer to the longstanding open problem: the Lip-
schitz stability by a finite number of observations without any positivity assump-

tions. The characters of our inverse problem are:

(1) We take observations N times by suitably choosing boundary inputs gy, ..., gn-

(2) Initial values at t = 0 are unknown, while we have to observe displacements
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and velocities at a fixed intermediate time Tj corresponding to ¢, ..., gn-

We emphasize that we need not assume any positivity of functions in €2, and we
assume that gi, ..., gy are at our disposal.

For the statement of our main result, we intoduce notations. Let 0; = 8%3_,
1<j<n, a=(a,..,a,) € NU{0}, || =1 + -+ + o, and O = I]* --- O
Let C%1(Q), £ € N, be the space of all the functions whose derivatives of or-

ders < ¢ are all Lipschitz continuous on € and we set IPllcer@ = lPllor@ +

SUD | o=,/ €0, 0 19:2@)=0p@)| ot A > 0 be arbitrarily fixed and let w C

B

be a subdomain such that dw D 0€2, n be an arbitrarily given smooth function. Let

m € N satisfy

INE

Let

U={pelQ;lplcam@ <M, p=n nw,p<0inQ}

and
V = {(a,) € HZ™(Q) x H™ ™ (Q); lallsrzm gy, [Pl sram 1 (@) < M.
We define a Hilbert space
Vom = {g € H*™(0,T; L*(0Q)); 8g(-,Tp) =0, j = 0,1,2,--- ,2m — 1}

with the scalar product (g, h)v,,, = (07™g, atzmh)Lz(O,TO;LQ(aﬂ))-

Now we are ready to state our main result.

Theorem. Let
T—Ty > inf  supl|z — 2],
2/ ER™M\ (Q\w) zeQ
/ (1.5)
Ty > inf sup |x — z'|.
LR W S
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For M > 0, we can choose N € N and g1, ...,gn € Vap, satisfying:
N N N
lp = Pllr2() + Z la; — a;l| g o) + Z 165 = bjll L2 (0
j=1 J=1

N
<C <Z lu(p, 95, a;j,b;) — u(p, g5, a5, b5)llcs((0,1); 2 (w))

Jj=1

N
+ Z lu(p, g5, a;,b;) — u(p, g5, @z, b;)llor (o, 1): 12 (w))
+ZH p7gjﬁajv ) (p7gjvajvb ))( TO)HHZ(Q)

+Z || atu p»gjaaj7 ) atu(p7gj=a]7b ))( TO)||H2(Q >

=1

for any (aj,b;), (@;,b;) €V and p,p € U.

The theorem asserts that we can choose N boundary inputs yielding the Lip-
schitz stability in estimating p — p when both p and p vary in the admissible set.
The essence of our main result is the uniform choice in p of the boundary inputs
guaranteeing the Lipschitz stability. By the classical exact controllability for the
hyperbolic equation (e.g., Komornik [28], Lions [33]), we can directly see: if we will
estimate p — p with a fixed p € U, then the Lipschitz stability holds with a single
suitable input g. Moreover precisely, we assume (1.5). For any given p € U, there

exists g € Vo, such that

1P = Pllze) + lla = allmr @) + [[b = bl L2(0)
SC(HU(]?,Q,CL, b) - u(ﬁug7aag)||c3([0,T};L2(w)) + ||U(p,g,a,b) - u(ﬁ?guaag)HCl([O,T];HQ(w))
+H(U’(p7g7a7 b) - u(ﬁvg7aag))(7T0)HH2(Q)

+||(8tu(p7 g, a, b) - 8{&(@1 gaavg»(v T0)||H2(Q)>

for any (a,b), (a,b) € V and p € U.
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As is also seen from the proof;

(1) The number N of observations increases as the a priori bound M > 0 is
larger.

(2) The effective boundary inputs g1, ..., gy can be constructed by the Hilbert
Uniqueness Method (e.g., Komornik [28], Lions [33]). See the proof in
Section 3 as for the construction. Moreover choices of such inputs g1, ..., gn

are rather generous (Remark in Section 3).

The paper is composed of three sections. In Section 2, we show a necessary exact
controllability in a Sobolev spaces of higher orders, which may be an independent

interest. In Section 3, we prove Theorem.

§2. Exact controllability in H*™(Q).

In the state space L?(Q) x H () for a hyperbolic equation, the exact control-
labililty has been studied extensively. Here we only refer to a ver few works: Ko-
mornik [28], Lasiecka and Triggiani [31], Lions [33] and the readers can consult
them for comprehensive references. For the proof of our result, we need the ex-
act controllability of displacement in Sobolev spaces of higher orders. The exact
controllability in H}(Q) x L?*(2) has been discussed in Section 6 of Chapitre 1 in
Komornik and Yamamoto [29], Lions [33] for 2 — A.

Let w C Q be a subdomain such that dw D 92 and let

Ty > inf sup |x — 2'|. 2.1
LR P L 21)

Henceforth let zp € R™ \ (Q \ w) satisfy

inf  supl|z — 2’| = sup |z — zo| < To.
' €R™\(QN\w) z€Q z€Q
Here (-,-) and || - || denote the scalar product and the norm in L?(Q2). Let p €

U, = {p; HpHCgm,g,l@) < M,p <0 in Q} be fixed and let us define an operator
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A by Au(x) = —Au(z) — p(x)u(z) for x € Q and D(A) = H*(Q) N H (). Then
A~1 exists and o(A) is entirely composed of eigenvalues with finite multiplicities.
Let 0 < A1 < Ay < A3 < --- be the sequence of all the eigenvalues of A where \;
appears repeatedly kj;-times, where k; is the multiplicity of A\;. Let ¢; be a unit

eigenvector of A for A\;. Then {¢;};en is an orthonormal basis in L?(2) and

—-m (CL,QD')
A azz )\}n‘y Pj

=1
in L2(Q).
Since p € C?™~21(Q), elliptic regularity results (e.g., Theorem 8.13 (p.187) in

Gilbarg and Trudinger [12]) yield
Oy Ml Aull < Nlull () < [|Aull,  u € D(A).

Next, using ||A¥~1u| < C}||A*ul| for u € D(A*) and k € N, we repeatedly apply

Theorem 8.13 in [12] and we see
CrHIA™ull < Jlull pram (@) < C1|A™ull,  w € D(A™). (2.2)

Here we note that the constant C; > 0 can be taken uniformly in p € ;. In

particular, D(A™) C H?™(Q), m € N. We regard D(A™) as a Banach space with

the norm
0o 2
lallpeam) = [A™al = | DA™ (a, ;)
j=1
Moreover, for v > 0, we can see that
Ava =" X(a,¢;)e;,
j=1
D(AY) = {a € L¥(Q); 3 AP (a,¢,)? < o). (2.3)

J=1
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Identifying a Banach space D(A°) = L?(Q) with its dual (L*(2))*, we have the

dense and continuous embedding
D(A™) C L*(Q) C D(A™)*.

Henceforth B(X,Y") denotes the Banach space of all bounded linear operators from
a Banach space X to another Banach space Y, L* denotes the dual operator of
L € B(X,Y). We regard A™ as a bounded linear operator from D(A™) to L?(Q):
A™ € B(D(A™),L?(Q)). Then (A™)* € B(L?(Q),(D(A™))*). We denote the
duality pairing between D(A™)* and D(A™) by (p(am))» < -, >p(am). We note

that (pamy) < @, ¢ >pamy= (@, ) if 9 € L*(Q) (e.g., Brezis [9]).

Moreover we introduce a Banach space
Vv2m = {g € H2m(07T0’L2(aQ))a agg(aTO) = 07 .7 = 07 1727 e 72m - ]-}

with the norm ||g||v,,, = 11079l L2(0,7;12(00))- Identifying a Banach space L?(0, Ty; L?(02))

with its dual, we have the dense and continuous embedding
Vam C L*(0,Ty; L*(09)) C Vs,

We denote the duality pairing between g € V5, and h € V5, by < g,h > and we
note that < g, h >= (g, h)r2(0,1,;22(60)) for g,h € L2(0, Ty; L?(092)).

Then

Lemma 2.1.

(A™*a = A"a,  ae€CP(Q).

Proof. By the definition of the dual operator (A™)*, we have

(p(amyys < (A™)%a, f >pamy= (e, A™f),  f € DA™).
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Since a € C§°(2) C D(A™), we see for example by using (2.3), that

(Dam) < (A™)*a, f >pamy= (A™a, f).

By f,A™a € L?*(Q), we see that (A™a, f) =pamy+< A™a, f >pcam), so that
(D(Am))* < (Am)*a, f >D(AM)=(D(Am))* < AMa, f >D(A™) for all f € D(Am) The
proof of Lemma 2.1 is completed.

Next

Lemma 2.2.

N[

(aa QOj) i

%

, a € L*(9).

HGHD(AW)* = Z

Jj=1

Proof. Since A™ : D(A™) — L*(Q) is injective and surjective, and (A™)~1 €
B(L?*(Q2),D(A™)), we see that ((A™)*) ! is injective and ((4A™)*)~1 € B(D(A™)*, L*(2))

(e.g., Yosida [41]). Hence for any a € D(A™)*, we have

(D(A™))* < CL,f >'D(Am):('D(Am))*< (Am)*(<Am)*)_1a, f >’D(Am): (((Am)*)_la,Amf)

for f € D(A™). Hence for a € D(A™)*, we have

lallpamy = sup  |pamys < a, f >pamy | = sup  |[(((A™)*) a, A™f)]
|[A™ fll=1 [lA™ fll=1

=[((A™)) " all = 1((A™) =) all. (2.4)
Henceforth let a € L*(2). We have (a, (A™) 7! f) =pamy)=< a, (A™) 71 f) >piamy=
(((A™)~Y*a, f). On the other hand,

(a, A7 f) = (a,z(fi—ij)%) = (Z (aiff)saj,f> :

j=1 J

Hence
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that is,

((Am)fl)*a _ Z (a/’\ij)goj

<
—

in L?(Q) for any a € L?(Q). Hence

=

2

I((A™) ) all = Z

1=

A

(CL, ng)
7

[y

In view of (2.4), the proof of Lemma 2.2 is completed.

We set

D(A™)* (2 5)

H = {Ama; a € C§°(Q)}
Then
Lemma 2.3. H =D(A™)*.

Proof. By Lemma 2.1, we have

H={A"Yaaccr@)

Since A™ : D(A™) — L2(Q) is injective and (A™)~! € B(L*(Q),D(A™)), we
see that ((A™)*)~! € B(D(A™)*, L*(Q2)) and D(A™)* = (A™)*L3(Q2). Hence it

suffices to prove

{(A™)*a; a € C5°(Q)} = (A™)"L*(Q). (2.6)

Since C§°(Q) is dense in L?(Q), for any a € L?*(2), we can choose a sequence
am € C§°(Q), m € Nsuch that a,, — ain L2(Q). By (A™)* € B(L*(Q),D(A™)*),
we see that (A™)*a,, — (A"™)*a in D(A™)*. Hence (A™)*a € H. O Therefore
(2.6) follows, and the proof of Lemma 2.3 is completed.

We consider
( 0%v(z,t) = —Av(a,t), xeQ,0<t< Ty,

v(z,t) =0, x e d,0<t<Ty, (2.7)

L U(',O) =0, 8151)(',0) = € D(Am)*
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By the transposition method (e.g., Komornik [28], Lions and Magenes [34]), there
exists a unique solution v € C1([0, Tp]; D(A™)*) to (2.7) and by v(z,t) = v(v1)(w,t)

we denote the solution to (2.7). Then we have

Theorem 2.1. Let us assume (2.1). Then there exist constants Cy,C5 > 0 such

that

ov(v
W)l < Cyllonlloamy-
v V2*m

Callv1[|pamy- < H
for all vi € D(A™)*.

Proof. By the limit passage and Lemmata 2.1 and 2.3, it is sufficient to prove the

conclusion for v; = (A™)*a = A™a with a € C§°(€2). Then we have

8 - At 0
Zvl ©;) sm\/_ ('Oj(x), xed, 0<t<T

=1 \/_ 8V

(e.g., [28]). We note that the right hand side is convergent in L?(0,Ty; L?(09)).

By the definition of the norm in V5, we have

ov(vy) \|
9, o = sup
l9llvam =1

Since 8£g(-,T0) =0,7=0,1,---,2m — 1, we integrate by parts to obtain

ov(v Pt =621 gu(v
(g’ > 1)> = (33’"97/ I a(l)madf) .
v L2(0,To;L?(092)) 0 ( m— ) v L2(0,To;L2(8Q))

Hence

= sup
Vo lallvg,, =1

ov(vy)
ov

(g 01}(1}1))
T Ov L2(0,To;L2(99))

Ov(vy)
v

x, £§)d§

/t (t—g*! av(vl)(
o 2m—-1) ov

Vs L2(0,To;L?(092))
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On the other hand, by integration by parts, we have

Lt =€) du(vr)
/0 2m—1)!  Ov (z,€)de

tQm_l

_ o (v1,05) D; -t & vl,so
_(2m—1)!z Ajj ayj@)_/o 2m—1' Z : CS\/_g

J=1

2m2C>o

el & Ul Pj 390] t(f 17903
Tem-1) 4 )+/0 2m 2'Z sin /A 5

t2m=1 > Ul Pj 890] ¢2m=3 = Ul,@j 8903 )
2m— 1) ' (2m — 3)!
=1
t 2m 4 ©©
Ul 803 N dp;
+/0 2m 4' Z COS )\‘76(9_
:zm:( )lﬁ—l t2m7(2k b i (1)17(103) 890]( )
p (2m — (Qk_l))'le AP Ov
m = (V1,95) dip;
+(—1) ; )\m+1 S )‘J“"E(m)
- J

13

Moreover, since v1 = A™a, for 1 < k < m we have (vl,)\j_kgoj) = (v, A Fp;) =

(A" Fa, p;) and

oo v ’ o> . .
S0y = 3 (A, )y (r) = A7 Fa
7j=1 J 7j=1
Hence for 1 < k£ < m, we have
> Ul;@] 890J 0 A k
; )\k ov () = 81/( a)=0

because A" *q =0 in Q \ suppa. Hence

Lt —€)Pm ! du(vy) ym -
/0 2m—1)!  ov (=, ]2:: 1 Sm \/_:1:
Moreover

Z sin \/_t 6%

— o <Gy 5
j=1

L2(0,T0;L2(092)) =t

[e @]
/ 2
CQZ Jj =
Jj=1
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for all 5; € R, j € N, under assumption (2.1), and the constants C3,C5 can be
chosen uniformly in p € U; (e.g., Kazemi and Klibanov [22], Klibanov and Malinsky

[25], Komornik [28]). Consequently

2 2

(’Ul,%oj) < i(vl,goj)sinw)\jtﬁgpj
A = AV

K

Cy

1

<.
Il

L2(0,To;L2(0%2))

<oy 3|t
j=1 J

By vy = A™a € L?(Q), we can apply Lemma 2.2, so that the conclusion holds for
vy = (A™)*a with any a € C5°(Q2).
We define an operator K from D(A™)* to V5, by

Ov(vy) .

Koy —
vl ov

We set A = K*. Then Theorem 2.1 implies that
K*: Vs, — D(A™)

is surjective and bounded (e.g., Brezis [9]). By the open mapping theorem, A =
(K*)™1 : D(A™) — Vs, is bounded.

On the other hand, for g € V5, there exists a unique solution w = w(g) €
2™ ([0, T]; L*(Q)) to

((O?w(x,t) = Aw(z,t) + p(z)w(z, t), reQ 0<t<T,

w(z,t) = g(x,t), r € 0N, 0<t<Typ, (2.8)

[ w(,0) = Qw(x,0) =0, z€Q.
The unique existence of w(g) is proved by taking t-derivatives of w and a usual a
priori estimate (e.g., [28], [33]), and we can further prove more regularity by the

transposition method (e.g., Lions and Magenes [34]), but we will omit the details.

In terms of the Hilbert Uniqueness Method (e.g., [28], [33]), noting (2.2), we have
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Theorem 2.2. Let us assume (2.1). Then, for any a € D(A™), we have

w(A(a))(z,To) = a(z), =€, [A(@)]Iva,,, < Callallm2m ) (2.9)

The constant Cy > 0 s taken uniformly in p € U;.

This is the exact controllability for the displacement in a state space D(A™) C
H?™(Q)). We conclude the section with Lemmata 2.4 and 2.5 which assert estimates

for solutions to hyperbolic equations.

Lemma 2.4. Let u = u(p, g,a,b) satisfy

( 0Zu(z,t) = Au(z,t) + p(x)u(z, t), e, 0<t<T,

u(z,0) = a(z), Owu(x,0)=b(x), x €,

| u(z,t) = g(z,1), red,0<t<T.
Let [[pllcam-20@ < M, and let a € H?>™(Q), b € H*™1(Q). Then for any
subdomains Q' and Q" such that Q" C Q' C Q' C Q, there exist constants Cs =

C5(M,T,Q") >0 and Cg = Co(M, T, , Q") > 0 such that

107 ull o, 77:21 ) < Cs(l|al| mrzm @y + 16l 52m—1(0y + 119l 2m 0,7:12(00)) )

j=0,1,---2m — 2 (2.10)
and

ullc(o,1);m2m (7)) < Co(llall gzm o) + 16| g2m—1(Q) + |9l z2m 0, 1522(00)))-  (2-11)

We can prove the lemma by taking ¢-derivatives of u, and will give the proof in

Appendix II for completeness.

Lemma 2.5. Let

T>2 inf sup |z — xo
2o €R™M\(Q\w) z€Q
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and let
Ofw(z,t) = Aw(x,t) + p(x)w(z,t) + f(z,1), reQ0<t<T,

w(zx,t) =0, redN, 0<t<T,
where ||p||pe) < M. Then there exists a constant C; = C7(M,Q,T) > 0 such

that
[w (-, 0)[| 1 () + 10w (-, 0) [l 2 () < Cr(lf 20,7522 () + Wl 1 (0,722 (0)))-

This is an observability inequality (e.g., , Kazemi and Klibanov [22], Klibanov
and Malinsky [25], Klibanov and Timonov [26], Komornik [28], Lions [33]) and for

completeness we will prove it in Appendix III.
§3. Proof of Theorem.

First Step.
Since U is relatively compact in C?™~1(Q), for any m € N we can chooose N =
N(m) € N and p € U, 1 < j < N such that for any p € U, there exists jo €

{1,2,..., N} satisfying

||p—pj0||c2m—1(ﬁ) = (3.1)
We arbitrarily fix
ap € HZ™(Q), |ao(z)]>1, z€Q\w. (3.2)
We set as(x) = Mag(z) for £ € N. Then we have
lael| rzm (@) < Co(€, M). (3.3)

Here ¢ € N is a constant which we will choose later.

By Theorem 2.2, we can choose g1, ...,gn € Va,, such that

u(py’, g5,0,0)(x, To) = ae(z), €0, 1<j<N. (3.4)
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Remark. Boundary controls g1, ...,gn are suitable inputs guaranteeing the Lip-
schitz stability in our inverse problem. Let A(p) : D(A™) — V&, be a mapping

defined by Theorem 2.2 with the coefficient p. Then we can represent

(915 9n) = (A(PT)(ar), -, AP ) (ar)).

Here, for simplicity, we choose controls g; which steer the system with the zero
initial condition to as(x) = u(x,Tp). We need not be restricted to the zero initial
condition. By the proof, we can see that for the Lipschitz stability in our inverse

problem, we can choose hj, 1 < j < N, such that
WP by )@ To) = agla), @€

for any (o, ;) € V, 1 < j < N. Such boundary controls h; can exists in terms of
Theorem 2.1 (also see [28], [33]). Thus such choices of boundary inputs are quite
generous.

Here and henceforth C, C; denote generic positive constants which are dependent
on Q,U,V but independent of £, m, M and choices of p € U, while C(M, ¥), C;(M, 1)
denote generic positive constants which are dependent on M, /¢, Q, U,V but inde-
pendent of m and choices of p € U. We can understand that C (M), C;(M) denote
a constant which are independent of ¢ but depend on M, Q. U, V.

Then by Theorem 2.2 and the second assumption in (1.5), we have
19 lIvare < CL(M)llacl| g2m @) < Ca(M, 0). (3.5)
Let p € U be given arbitrarily. Then

min ||u(p, g;, a,b) — aello(o,10);52m (92))

1<j<N
Cy(M, ¥
+ 4( 7)
m

<C3(M) for all (a,b) € V. (3.6)
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In fact, by (3.1), there exists jo € {1,...,N} such that [[p — pJ{lcem-—1 @) < 1

Setting v = u(p, gy, a,b) — w(p};, g0, 0,0), we have

( 0Fv(x,t) = Av(z,t) + p(@)v(z, t) + (p(z) — i (@))u(pl, giy, 0,0)(x,t), =€ Q,0<t<T,

v(z,0) = a(x), Ow(z,0)=0b(zx), x €,

v(z,t) =0, red,0<t<T.

\

Then, by Lions and Magenes [34], we have

[olleo,rys2m ()
<Cs(M)(l|all zzm ) + 1Bl g2m—1(0) + (P — P )u(P]r 950> 0, 0)lco,77; H2m—1 (02)))

<Cy(M)(llallmzm () + bl zr2m-1(0)) + C5(M)lp — Pfi | c2m-1 @) 4@y 5o 0, 0) | (fo, 77 r2m -1 (2))
C7 (M, /¢
n 7( ).

m

<Cs(M)

Here we used Lemma 2.4, ||a|| g2m (q), ||b]| zrzm-1(0) < M and (3.5). Since u(p?, gj,,0,0)(z, To) =
a¢(x), z € Q by (3.4), the proof of (3.6) is completed.
By m > 2 and the Sobolev embedding, we have H*™(Q) C C(Q). In terms of

(3.2) and (3.6), we see that for any p € U, there exists jo € {1, ..., N} such that

M, ¢ -
lu(p, g5, a,b)(z,To)| > (M — Cs(M) — %a reQ\w, (a,b) €V.

We choose ¢ € N suffciently large so that w > Cg(M). For this ¢, we choose

m € N large such that (g_;)M > Co(M,0)

m

Thus: there exist gi,...,gn € Va,, such that for any p € U, we can choose

Jjo € {1, ..., N} satisfying

|u(p,gj0,a, b)(x,T0)| > (W —Cg(M)) + ((f _21)M B C’g(mM7f)> M

>M, x € Q\w, (a,b) €V. (3.7)
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Second Step.
We will complete the proof of Theorem.
We choose a subdomain €' C € such that Q\w € Q' and O € Q. Then, by

Lemma 2.4 and hyperbolic equation (1.1), we have

lu(p, 95, a;, b5) lcqo, 1), m2m (1)) ne2 (0, 1] H2m -2 (2)) < Cro(M),

[w(B, 95,5, 07) || (0.1 2 ()2 ([0.1): 2m—2 )y < Ciro (M)
for (p,a;,b;), (P, Eij,gj) € U x V. Setting t; = min{T — Ty, Tp}, we see by (1.5) that
t1 > infyrcpn\ (Q\w) SUPLeq |2 — 2'|. Therefore we can Theorem 0 in a domain 2 by

replacing w by wN Q. Then, in terms of (3.7), assumption (1.4) is satisfied. Hence

Theorem 0 yields that we can choose j € {1, ..., N} such that
1P = Pllz2\w) < Cnn <HU(P7 95> a5, b5) — u(B, 95, b5) | o3 (0. T5L2 ()
+H|ulp, g5, a5,b5) = w(B, 95,35, 0) |l (o172 ()
(P, 95, 05,b5) = u(B 95,5, 5:)) (- To) 1120
+[1(Qeulp, g5, az,bj) — Opu(p, gjaajagj))('aTo)Hm(Q))
=C11D;. (3.8)
Since g; depends on p,p € U, we take the sum Zjvzl Dj, so that ||p — pllr2) <

Cii Yy Dy

Next, setting v; = u(p, g5, aj,b;) — u(p, gj,aj,?;j), we have

(0Fv;(z,t) = Avj(,t) + p(z)v;(,t) + (p(z) — P(@))u(B, g5, 45, b;) (,1), T€Q0<t<T,

vj(z,0) = a;j(x) —a;(z), Ow;(x,0)="0bj(z)—bj(z), x € Q,

L v;(x,t) =0, red,0<t<T.
In terms of (1.5), applying Lemma 2.5, we obtain

laj —ajllmr @) + 16 = bjllL2()

<Cra2(|l(p — P)u(D, g5, @, b5) | 20,1 22(0)) + V5]l 1 (0,702 (w)))-
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Since p —p = 0 in w, in terms of m > % and the Sobolev embedding, we have

| (p — 2)u(p, 95, a5, 05) || 200,122 ()) < (P — P)ulD, g5, a;5,b5)| 20,102 (0))
<llp = Pllz2(o) |w(P; g5, aj, 0) || L2 (0.1:L ()
<Cusllp — bl L2 llu(P; 955 @z, 05) | L2 (0,7:212m (02 -

Hence (3.8) and Lemma 2.4 yield

N
|(p — D)u(D; 95, aj, bj)HL2(o,T;L2(Q)) <Cu Z D;.
j=1

Therefore
laj — @l o) + [1b; = bjllL2(0) < CraD;j.
Thus, with (3.8), the proof of Theorem is completed.

Appendix I. Proof of Theorem 0.
We prove Theorem 0 by modifying the argument in Imanuvilov and Yamamoto

[16], [17]. We show a key Carleman estimate (Imanuvilov [14]). We set

Pv = 0?v — Av — p(z)v, reQ, t>0.

Let g € R™ \ (2 \ w) satisfy inf/crn\ (0\w) SUPzeq [T — 2’| = sup,cq |2 — 20].

For this zp and 8 € (0,1), we define functions ¢ = ¥ (x,t) and ¢ = @(x,t) by
T/J(IL’,t) = |':E - l'0|2 - ﬁ't - T0|27 QO(CE,t) - 6)\1,0(%,75)
with a parameter A > 0. Let 0 < ¢t; < Tp.

Lemma L.1. Let ||p||r=) < M and let us assume that t1 > sup,cq | — 2ol
Then there exists A\g > 0 such that for all X > Ay there exist s9 = so(\) >0 and a

constant C = C(sg, Ao, M, Q, Ty, t1,x0,w) > 0 such that

To+t1
/(slvxvty\Q + s3y?)e? 5P dxdt
To—t1 Q
T0—|—t1 T0+t1
<C / |Py|*e?s¢dxdt + C/ /(s|(9ty|2 + s3y?)e** P dxdt
Q w

To—tl TO_tl
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for all s > so(N), provided that

( Py € LZ(Q X (To —t1,1o +t1)), Yy € Hl(Q X (T() —tl,To +t1)),

Yy = 0 on 0N x (T() — tl,TO + tl), (Il)

\ y('aTO - tl) == 8ty('aT0 - tl) = y('aTO + tl) = aty('aTO + tl) =0 Q.

Case 1.

u(pag7avb) :u(ﬁagvaa ) on aQX (TO_tlaTO""tl)-

We set Q = Q x (Ty — t1,Tp + t1). Moreover setting y = u(p, g,a,b) — u(p, g,a,b),
R(z,t) = u(ﬁ,g,ﬁ,g) and f = p — p, we have

0fy(z,t) = Ay +p(a)y(z,t) + f(2)R(z,t),  (x,) €Q,

y(z,t) =0, e, Ty —t1 <t<Ty—+t;.

Here y, R € ﬂ?:o CI([To — t1,To + t1]; H3>77(2)). We set

y=y—(a—a)—(b—-0)(t—Tp) in Q.

Then
(07y(w.t) = Ay + p(a)y(x,t) + f(2)R(z,t) + (A +p(2)((a — @) + (b= b)(t — Tp)) inQ,

y(x,t):(), x €N, Ty —t1 <t<Ty+tq,

\ y(x7T0) = 6ty(37aT0) =0, x € Q.
(1.2)

By an a priori estimate (e.g., Lions and Magenes [34]) and ||R||m?=ocj([To_tlvTO_Ftl];HSfj(Q)) <

C1 M, by using

Ay =0y —py— fR— (A +p@)((a—a)+ (b—b)(t - Tp)) inQ,

there exists a constant Cy > 0 such that

1ylla2(@) < Calllfllz2@) + lla = allg2(e) + b = bllg2(0))- (I.3)



22 R. CIPOLLATI AND M. YAMAMOTO

By the assumption on t1, there exists § € (0, 1) such that

SUP,cq | — Zo|?
tQ
1

G >

Therefore, by the definitions of ¥ and ¢, we have

o(z,To) > 1, x €€,

olx, Ty —t1) = p(z, To+t1) < 1, x € . (L.4)
Therefore for given £ > 0, we can choose a sufficiently small 6 = d(¢) > 0 such that
oz, t) >1—¢, (x,t)€Qx[Ty— 0Ty + 6] (1.5)

and
o(x,t) <1-2¢, (x,t) € Ux ([To—t1, To —t1 +20]U [Ty +t1 — 25, Ty +t1]). (L.6)
In order to apply Lemma 1.1, we have to introduce a cut-off function xy € C§°(R)

satisfying 0 < xy <1 and

{O tE[To—tl,TQ—t1+5]U[To—|—t1—(5,T0—|—t1]

I.7
1 tG[To—t1+25,T0+t1—25]. ( )

x(t) =

Henceforth C' > 0 denotes generic constants which are dependent on sg, A\, M, €,
T, xo, w, (B, x and 9, €, but independent of s > sg.

We set
z = (aty)es‘px € C([To — t17T0 + tl]; Hl(Q)) N Cl([To — tl,TQ + t1]7 LZ(Q)> (18)

By (1.2), the function z satisfies the equation

Pz = (fOR)e*x + €’ x(A+p)(b—0b) + s(—2V,p - Voz + 2(0rp)0rz + (Hp)2)

—5*(10kpl* — [Vaipl*)z + 2e™(07y)Oex + (ey)e™#0fx  in Q. (L9)
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In fact, we have

0iz = (0i0wy)e”?x + (Ory)s(0ip)e” x = (Didy)e™ X + s(ip) 2. (L.10)

Hence
(aiaty)ewx = &z — S(@ZQO)Z (111)
Moreover, the differentiation of (I1.10) yields

07z = (070uy)e*? x + s(0ip)e*? (0;00y) X + (5207 ¢ + 5(0i0)0;2)

=(070hy)e* X + s0ip(Diz — 520ip) + (5(07 )2 + 5(Dip)Di2).
At the second equality, we used also (I.11). Hence
Az = (Ady)e**x + 25V - Vz + (sAp — s%|Vp|?)z.
We have
Oz = (07y)e*?x + (Owy)e*? Orx + s(0pp)z.
Similarly we have
9tz = (07 y)e**x + {(07y)e X }sdvp + 2¢°% (07 y) Dux
+5(0:y) (Dep)e* Dpx + (Dpy)e* O x + 597 )2 + 5(01) (012)
=(07y)e*?x 4+ {0:z — (Opy)e® P Dyx — 5(Orp)2}5pp + 27 (07 ) Dex
+5(0:y) (Dep)e* Dpx + (Dry)e* O} x + 5(97 )2 + 5(01) (012)

=(32y)e?x + 25(0rp)0rz + (597 p — 52|05 0| )2

+2e*?(02y) 0y x + (Ory)e*$ 02 x.

Therefore, by (I1.2), we obtain (1.9).
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In particular, setting w = x(0dyy) and s = 0 in (1.9), we have
Pw = xfoiR+ x(A+p)(b =) +207y)dx + (0})y nQ.  (L12)

Now we will apply Lemma I.1 to equation (1.12). By (1.2), (1.3), (I1.7) and (1.12),

we see that Pw € L?(Q), w € HY(Q), and w = 0 on 9Q x (Ty — t1,Ty +t1). Hence

by Lemma 1.1, we obtain

/ (s3w? + 5|V, w|?)e* P drdt < C’g/ 2| fO: R|?e**? dxdt
Q Q

+Cs5 / X2|(A +p) (b — b)|2e**¢dwdt + Cs / {(0x) 9y + (07 X) Oy} e**Pdxdt + C3D(y).
0 Q (L13)

Here and henceforth we set

To+t1
D(y) = / /(33w2 + 5]0yw|*)e**P dadt

To—t1
To+t1
<Cos [ [ (o + 108> .
w

To—t1

By (1.3), (I.6) and (I.7), we have

‘ / {(0ux)07y + (8fx)8ty}2emd:cdt‘
Q

T07t1+25 T0+t17(;
( / 4 / ) / (00032 + (D)0} 2> P dadt
Q

To—t1 +4 To+t1—25
<Cae® U g%

(@)

<Ca® T (|| fll T2y + la = allfz) + 10— bllFr(): (L.14)
Noting that z = we®*¥, we have

8322 _ 83w2€23<p,

3|sz|2 = §|Vyw + S(Vx,tcp)w|262w < 04(3\Vx,tw]262590 + sngezw).
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Therefore by (I1.13) and (I.14), we obtain

/ (8327 + 8|V p2|?)dxdt < 05/ 2| fI?e** ¢ dxdt
Q Q
05 (la — @3y + b~ M) + Coe* 0= f 2y + CD ().
(L.15)
We multiply (I.9) by 0;z and integrate it over  x (Ty — t1,Tp):

/ /Pz )Orzdxdt = / » /f@t )e*P xOpzdxdt
/ » / (A +p)(b— b))e*?xOyzdxdt
+/T t /{s —2V 0 - (0:2)Vaz + 2(00)|0:2* + (Oip)20;2)
0—t1
—5%(|0sp|* — !Vx¢’2)28tz}dxdt+/ /QeS‘P(@fy)(atx)@tzdxdt

/ / (Ory)e*? (02X )OrzdxdL. (I.16)
—t

We denote the left and the right hand sides of (I.16) respectively by I; and Is.
By the boundary conditions and the conditions at ¢ = Ty in (1.2), noting that

2(+, Ty — t1) = Oz(-, Ty — t1) = 0, we integrate by parts, so that we have

0|0;z|? 6|Vz|2 0|z
L = / tl/ ( 5 P 5 dxdt

_/ / a ((Ory)e**x)0u((Ory)e®?x)dtdo
oN —t, OV

= /Q 0,2z, Ty) Pda.
On the other hand, by (I.2) and (I.8), we see that
0p2(x, To) = ((87y)e*x) (2, To) + (s(9pp)e>? (Fry)x) (2, To) + ((Dey)e**Dpx) (a, To)
—=(Ay+py + fR+ (A +p)(a—a))(z, Tp)e*? T\ (Ty)
=(af + (A +p)(a—a)(z)e*®D) 2 € Q.

Therefore

1 ~ S X S -~
B2 5 [ @RI @ P s = Cot* o~ il (117)
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Furthermore by the Cauchy-Schwarz inequality, we have

/ /263“" (021)(0: X )Orzdxdt
—t1

/ /|6tz| dxdt—l—/ /e2s‘p|(8t2y)8tx|2dxdt,
To—t1 Q

and again the Cauchy-Schwarz inequality yields
To . To
I < C’6/ / |f|2e®* ¢\ dadt + Cee“o%||b — b||§12(9) + 6’6/ /(8|vm,t2|2 + 53|2|)dadt
—t; JQ

s [© [ aaeionpasi s [ [ eipion o
T() t1 —t1
By noting (1.3), (I.7) and the fact that 0,y € L?(Q x (Tp — t1,To)), application of

(I.15) yields
I < C?/ |fI*x*e**Pdadt + CreC™(||b —51@12(9) + lla = all32 o)
Q
1 Ce2s(1-29) ||f||2L2(Q) + C7D(y)
To—t14+26 To+t1—96
+Cy / +/ ) /(l(%yl2 + |V, Oyl ?)e*? dadt
To—t1+6 To+t1—26 Q
<Cs / |f17e**dtdz + Cse®* (|Ib = bl 2 ) + la = @l 32(0)
Q
+Cg€25(1_25)”f||2L2(Q) + CsD(y). (1.18)
Consequently (1.4), (I.17) and (I.18) imply
[ 1f@pesetmas
Q
<Cy /Q |fPe**?dtdz + Coe®*(||b = bl| 32 () + lla — @l[32(0)
+0962;9(1—25) HfH%Q(Q) + CyD(y).

On the other hand,

To+t1
/ |f(z) e ?dtdx = / / | f(z)]? exp (23@>‘w("’3’t>> dt | dx
Q Q \JTo—t
To+t1 , )
S/ / exp <286>\\m—a¢o| (e—kﬂt . 1)) dt ‘f($)|2625<p(x,T0)dx
Q

T0—1]
</
Q

To+t1 )
/ exp (23(e_>‘/6t - 1)) dt) |f(2)|2e25(@T0) g

To—t1
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The Lebesgue theorem implies

/To+t1 exp (28(@7)\51&2 — 1)) dt = o(1)

To—t1

as s — 00, so that

/ |f(1.)|262590dtd1’ = o(l)/ |f(x>|2625<p(m’T0)daZ.
Q Q

Therefore

[ 1@t

Q

<o(1) [ 17@)Pe# 0 da + Coer (b~ By + lla — )
Q

+Coe** 29| f||72 () + CoD(y)

as s — 00. Hence

(1 - o(1)) ¢ /Q /() dx

<Croe® | 11220y + Croe“°(IIb = BliZr2 () + lla — @32 (q)) + CroD(y)-

By choosing s > 0 sufficiently large and fixing, the proof of Theorem 0 is completed

in Case 1.

Case 2.

u(pvg7a7b>7éu(ﬁ;§757 ) on aQX (TO_t17T0+tl)-

By the Sobolev extension theorem, we can choose h € C3([Ty —t1, Ty +t1]; L*(2)) N

Cl([To - tl,T() + tl];Hz(Q)) such that

1l e (1o —t1, 7o +t:7:22(92)) + |Bllor (10—t To+11]:2(2)

SCH(HU(I)» g,a, b) - U(ﬁa §, 57 b) ||C3([To—t1,T0+t1]§L2(UJ))

+HU(p, g,a, b) - u(ﬁa ga 67 b) HC’l([To—tl,To—|—t1];H2(w)) (119)
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and

h:u(p,g,a,b)—u(ﬁ,g,a, ) in("‘}x(T‘O_tlvT‘O'Ftl)-

We set

y1 = u(p, g,a,b) —u(p,g,a,b) —h inQ.
Since Ow D 02, we have
( Oy (@,t) = Ayi +p(a)y(z,t) + f(2)R(z,t) + (0f = A —p)h inQ,
y1(z,t) =0, xedN, Ty —t1 <t <Ty+t1,

yl(x7T0) =a—a— h('aTO)a

\ atyl(mvTO) =0 _g_ (ath)(,To)
In terms of (I.19), we repeat the argument in Case 1, so that the proof of Theorem

0 is completed.

Appendix II. Proof of Lemma 2.4.

We set u; = 6;2 u. By 2m-times taking ¢-derivatives, we have
(0Fuy(z,t) = Auy(2,t) + p(x)uy (x,t), z€Q,0<t<T,

ui(x,0) = b(x), Owi(z,0) = (A+ p)a(z), x € Q,

ui(z,t) = Org(z, 1), red, 0<t<T,
((0Fua(z,t) = Aug(z,t) + p(x)ug(x,t), z€Q,0<t<T,

us(,0) = (A + pla(z),  Bua(x,0) = (A+p)b(z), z €9,

ug(z,t) = 0t g(x,t), red, 0<t<T,

( 8,52uQm_1(x,t) = Augpm—1(z,t) + p(x)ugm-1(z,t), z€Q 0<t<T,

Uzm—1(2,0) = (A + )™ b(x), Ougm—1(x,0) = (A+p)™a(z), z€Q,

| Uom—1(z, 1) = oFmtg(x,t), red, 0<t<T,
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and

( O Ugp (2,1) = Aty (2,1) + p(x)uom(z,t), 2€Q,0<t<T,

UZm(x7O) = (A —|—p)ma(:13), at'UJZm(mvo) = (A +p>mb<x)7 T € (),

| Uzm (T, 1) = 07" g(x,1), xred,0<t<T.
By a € H*™(Q), b € H*™ 1(Q) and g € H?™(0,T;L*(99)), the transposition

method (e.g., [28], [34]) yields that &/ u € C([0,T]; L*(2)) and

107 ullcqo, 29y < Cr(llallmzm @) +bl gem-1 ) +l|gll H2m o0 1:200)))s 5= 0,1,

(IL.1)

On the other hand, we have

Auj(z,t) + p(z)uj(z,t) = OFuj(z,t), T€Q,j=0,1,---,2m—2 (I1.2)
for any ¢ € [0, T]. Similarly to p.414 in [33], we can choose u € W, *°(Q) such that
0<pu<1linQ, p=1in " and

|Vu(z)? < Oh(QY), z e (I1.3)

p(z)

Multiplying (II.2) with pu;, integrating in 2 and using the Green formula, we have

/ w|Vu,(z,t)|*de
Q

:—/uj(ac,t)Vuj(:L‘,t)-V,u(az)dx—k/pu?udm—/uujﬁfujdac.
Q Q Q

Therefore the Cauchy-Schwarz inequality yields

\Y%
/M|Vuj(x,t)\2dx§/\/ﬁ]Vuj|—| H’|Uj’dx+03/ |uj\2dx+/ ]ujHatQuj]dx
Q Q Vi Q Q
1/ 2 1/ |VH|2 2
<— | p|Vu;|"dx+ = ——|uil“dx

1
+C3/ |uj|2dx+—/(|uj|2+|8fuj|2)da:.
Q 2 Ja

,2m.
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By (IL.3), we have

1 ; 1 .
3 [ [Vofua. e < §/vaagu(x,t)|2dx

<c, / Dul2de + / O P uPde, G =0....2m 2.
Q Q

Thus the proof of (2.10) is completed.

We choose subdomains €, ..., Q,,_1 such that Q" C Q1 C Q1 C Qo C

Q2 C ... CQ C Oy C Q. First (A + )07 2u(-,t) = 02™u(-,t) in Q. By
(2.10) and (II.1), applying the interior regularity (e.g., Theorem 8.8 (pp.183-184)

in [12]), we have

1072 u(-, )] 20y < Cs(llallgzm ) + 16l zrzm-1() + 9]l m2m (0,702 (00)))- (11.4)

Next (A + p)oi™ *u(-,t) = 9™ 2u(-,t) in Q. In terms of (I1.4) and (2.10), we

apply again the interior regularity (e.g., Theorem 8.10 (p.186) in [12]), so that

107" (-, )| ras) < Colllallmzm @) + 16l zr2m—1(0) + |9l 2m (0,722 (002)) )-
Continuing the argument, we complete the proof of (2.11).

Appendix III. Proof of Lemma 2.5.
First, by a usual energy estimate, we can prove that there exists a constant C7; > 0

such that
E(t) < CLE{') 4+ Cillfl 20102y for any t,¢" € [0,T]. (IT1.1)
Henceforth we set Q1 = Q x (0,T), T = 2ty and
B(l) = /Q(vaw,t)ﬁ +0w(a, )P da,

and C; > 0 denote generic constants which are dependent on M, Q,T'. In terms of

(III.1), it is sufficient to prove that

lw (- t0) || 2 (o) + 10w (-, o)l L2y < CUIfllL20,m52200) + w1 (0,7502(0)))-
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We choose 2y € R™ \ (Q \ w) such that

sup |z — xg| = inf sup |z — 2'|.
i S S

By to > sup,cq | — 20|, we can choose § € (0,1) such that

SUP,cn |z — fL‘o|2
t

6>

Let

Y(x,t) = |z — 3;0‘2 — G|t — t0‘27 oz, t) = (@)

Then ¢(z,tp) > 1 and p(x,0) = p(x,2ty) < 1 for € Q. Therefore for given & > 0,
we can choose a sufficiently small 6 = §(g) > 0 such that

oz, t) >1—¢, (w,t)€Qx[to—6,to+ ],

(IIL.2)
o(z,t) <1—2¢, (x,t) € Q x ([0,28] U[2ty — 24, 2t0]).
We take x1 € C§°(R) satisfying 0 < x; <1 and
0 t e [0, 5] U [Zto — 5, 2t0]
t) = I11.3
xalt) {1 t € [26,2t) — 26]. (IL.3)

We set wy; = xyiw. Then
(07w:(x,t) = Awy + pla)w: (2, t) + x1.f (2, 1) + 20 x1) 0w + wdix1  in Q,

wy(z,t) =0, x €00, 0<t< 2,

. wl(-,O) = wl(-, Qto) = 8,5101(',0) = 8tw1(-,2t0) =0 in Q.

Here, setting T' = tp, we apply Lemma 1.1 in Appendix I to wy, so that

/ (8| V. iwi)? + 83wy |?)e* P dadt < 02/ Ix1f|2e**?dxdt

1 1

+0, / (@200 ® + [wn&xa [2)e*% davdt

2t
—|—Cgs3/ /(|8tw1|2 + |wy [?)e**Pdadt
0 w
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for all large s > 0. The second term on the right hand side does not vanish only if

dix1,02x1 # 0, so that in terms of (II1.2) and (II1.3), it is bounded by

2to
Cy E(t)dte?(1=2),
0

Hence, by (I11.1), we have

By

By

to+0
/Q/t_é (Vo gl + [w]2)e?*Pdidt < C5e* | |22 o)

0

+C'3625(1_2€)(E(t0) + HszLz(Ql)) + C3€C38“wH%Tl(O»T;LQ(W))'
(IT1.2) we see that

to+0
ezsu—a)/ 5 E(t)dt < Cae“|| fll72(01)
to—

+Cye® 2 (E(to) + ||fH2L2(Q1)) + 046045||WH§11(0,T0;L2(QJ))-
(ITI.1) the left hand side is greater than or equal to

e (E(to) — | fll72(0,))26-

Noting the Poincaré inequality and choosing s > 0 sufficiently large and fixing, we

complete the proof of Lemma 2.5.
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