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Abstract

We study the optimal execution problem in the presence of market impact where the
security price follows a geometric Ornstein Uhlenbeck process which has mean reverting
property and show that an optimal strategy is a mixture of initial /terminal block liqui-
dation and intermediate gradual liquidation. Mean reverting property is strongly related
to the resilience of market impact, as in several papers which have studied optimal ex-
ecution in a limit order book (LOB) model, such as Alfonsi et al. [1] and Obizhaeva
and Wang [13]. It is interesting that despite the fact that the model in this paper is
different from the LOB model, the form of our optimal strategy is quite similar to those
of [1] and [13]. Our results in this paper is also placed as a representative and significant
example of the (generalized) framework of Kato [11] where market impact causes gradual
liquidation.

Keywords : Optimal execution, Market impact, Liquidity problems, Ornstein Uhlen-
beck process, Gradual liquidation

1 Introduction

The basic framework of the optimal execution (liquidation) problem was established in
Bertsimas and Lo[5] and the theory of optimal execution has been developed by Almgren and
Chriss[4], He and Mamaysky[8], Huberman and Stanzl[10], Subramanian and Jarrow[16] and
many others. Such a problem often shows up in trading operations, when a trader tries to
execute a large amount of a security. In these cases, he/she should be careful about liquidity
problems and especially should never neglect the market impact (MI) which plays an important
role. MI means the effect that a trader’s investment behavior affects on security prices.

To study MI for a trader’s execution policy, we consider a case where a trader sells his/her
shares of the security by predicting a decrease in price of the security. In a frictionless market,
a (risk neutral) trader should sell all the shares as soon as possible, so his/her optimal strategy
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is the block liquidation at the initial time. However, in the real market a trader takes time to
liquidate. So it is significant to find out what factors cause such gradual liquidation.

Convexity of MI is one of the reasons to dissuade a trader from block liquidation. As shown
in examples in Kato[11], when a trader is risk neutral and the market is Black Scholes type, a
quadratic MI function causes gradual liquidation whereas a block liquidation is optimal when
MI is linear. However, many traders in the real market execute their sales by taking time in
spite of recognizing that MI is not always convex. Risk aversion of a trader’s utility function
also affects a trader’s execution policy motivating an incentive to take more time for trading.
Schied and Schoneborn[15] consider an optimization problem in relation with a risk averse
utility function and clarify the relation between the measure of risk aversion and the form of
optimal strategies.

Another important motive is that due to the effect of MI, security price may recover after
downward movement in price. In this paper, to consider the price recovery effect, we focus on
the case where the process of a security price has the mean reverting property, especially when
it follows a geometric Ornstein Uhlenbeck (OU) process. We adopt the framework of Kato[11]:
we first consider discrete time models of an optimal execution problem and then derive the
continuous time model as their limit. To treat the geometric OU process as a security price
process, we generalize the main results of Kato[11] mathematically. We explicitly solve the
optimization problem with linear MI and show that the optimal strategy is a mixture of
initial/terminal block liquidation and intermediate gradual liquidation. Our example in this
paper is also placed as a representative case where a gradual liquidation is necessary in the
framework of Kato[11] even if there is linear MI and the trader is risk neutral.

Our result is strongly related to studies of the limit order book (LOB) model. In the LOB
model, a trader’s selling decreases buy limit orders, thus expanding the bid ask spread tem-
porarily, and new buy limit orders appear, letting the bid ask spread shrinks as time passes.
The minimization problem of expected execution cost in a block-shaped LOB model with
exponential resilience of MI is studied in Obizhaeva and Wang[13]. A mathematical general-
ization of the results of Obizhaeva and Wang[13] is given in Alfonsi et al.[1] and Predoiu et al.
[14]. Moreover, Makimoto and Sugihara[12] treat a model of optimal execution under stochas-
tic liquidity. It is interesting that despite the fact that the model in this paper is different
from the LOB model, the form of an optimal execution strategy in our model becomes quite
similar to the results in these papers. Indeed, when our security price process has no volatility,
the form of our optimal strategy coincides with those in Alfonsi et al.[1] and Obizhaeva and
Wang[13]: the speed of intermediate liquidation is constant. When the volatility is larger than
zero, the speed decreases as in Makimoto and Sugihara[12].

This paper is organized as follows. In Section 2, we review our model of optimization
problems and list our assumptions. In Section 3, we give some generalizations of the results
of Kato[11], in particular the convergence of the value functions. Section 4 is our main inter-
est. We introduce the optimization problem in the geometric OU price process and solve it
explicitly. Section 5 gives a note on the positivity of an optimal strategy and the possibility
of price manipulation in our framework. Section 6 summarizes our studies. Section 7 gives
the proofs of our results.



2 The Model

Our model is the same as in Kato[11] except for some technical assumptions. Let (92, F,
(Fi)o<i<1, P) be a filtered space which satisfies the usual condition (that is, (F;), is right
continuous and Fy contains all P-null sets) and let (B;)o<i<r be a standard one dimensional
(F:)¢-Brownian motion.

First we consider the discrete time model with time interval 1/n. We assume that trans-
action times are only at 0,1/n,...,(n—1)/nforn € N = {1,2,3,...}. We suppose that there
are only two assets in the market: cash and a security. The price of cash is always equal
to 1. We consider a single trader who has an endowment of ®; > 0 shares of the security.
This trader executes the shares @, over a time interval [0, 1], but his/her sales affect the price
of the security. For [ = 0,...,n, we denote by S;" the price of the security at time [/n and
X' =log S'. Let so > 0 be the initial price (i.e., S§ = so) and X = log so. If a trader sells the
amount ;" at time [/n, the log price changes to X;* — g,(¢;'), where g, : [0, 00) — [0, 00) is
a nondecreasing and continuously differentiable function which satisfies ¢,,(0) = 0, and he/she
gets the amount of cash ¥]'S]" exp(—g¢,(¢;")) as the proceeds of his/her execution. After the
trade at time [/n, X\, and S}, are given by

X = Y(TS E’Xl — gn(¥y ))» St = exp(X4 1), (2.1)

where Y (¢;r, x) is a solution of the following stochastic differential equation (SDE)

{ dY (t;r,z) = o(Y(t;7r,2))dB, + b(Y (t;r,x))dt, t >, (2.2)

Y(r;ryz)=x

and b,0 : R — R are Lipschitz continuous functions. We assume that the functions b, o, b
and & are linear growth, where 6(s) = so(logs),b(s) = s{b(log s) + o(log s)?/2}. We notice
that b and o are assumed to be bounded in Kato[11], so the model in this paper is a slight
generalization of Kato[11]. In our model, we remark that there is a unique solution of (2.2)
for each r > 0 and z € R.

At the end of the time interval [0, 1], the trader has the amount of cash W', where

Wity = W +491"S" exp(—gn(¢7")) (2.3)

for i =0,...,n—1and WJ = 0. We define the space of a trader’s execution strategies AJ()
as the set of (¢]")F-; such that ¢} is JF;/,-measurable, ¢} > 0 for each [ = 0,...,k — 1, and

k-1
D U <e
1=0

The investor’s problem is to choose an admissible trading strategy to maximize the ex-
pected utility E[u(W)}, ¢r, SI)], where u € C is his/her utility function and C is the set of
nondecreasing continuous functions on D = R x [0, ®¢] x [0, 0o) which have polynomial growth
rate.

For k = 1,...,n, (w,p,s) € D and u € C, we define a (discrete time) value function

Vi(w, ¢, s;u) by

Vilw, ¢, s;u) = sup  E[u(W[,¢r, Sp)l
(W) g EAT ()
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subject to (2.1) and (2.3) for [ = 0,...,k — 1 and (W, ¢y, Sy) = (w,p,s). (For s =0, we
set S;' =0.) For k =0, we put Vj'(w, ¢, s;u) = u(w, ¢, s). Then our problem is the same as
V0, g, so; u). We consider the limit of the value function V" (w, ¢, s;u) as n — oo.

Let h : [0,00) — [0,00) be a nondecreasing continuous function. We introduce the
following condition.

(@) — hn)| = 0.

[A] lim sup 0

n—oo ’lz)G[O,(I’O]

¢
Let g(¢) = / h(¢")d¢' for ¢ € [0,00). The function g(¢) means an MI function in the
0
continuous time model. For ¢ € [0, 1] and ¢ € [0, §y] we denote by A;(¢) the set of (F.)o<r<i-

t
progressively measurable process ((,)o<r<; such that ¢, > 0 for each r € [0,1], / Gdr <
0

¢ almost surely and sup(.(w) < oo. For ¢t € [0,1], (w,¢,s) € D and u € C, we define

Vi(w, ¢, s;u) by

‘/t(w,QO,S;U) = sup E[U(Whgotast)]
(¢r)reAi(p)

subject to
dw, = ¢.S.dr, dp, = —(dr, dS, =a(S,)dB, + B(Sr)dr —g(¢.)S,dr

and (Wo, o, So) = (w, ¢, s). When s > 0, we obviously see that the process the log price of
the security X, = log .S, satisfies

AX, = o(X,)dB, + b(X,) — g(¢)dr. (2.4)

3 Derivation of Continuous Time Model

Following results are similar to the ones in Kato[11].

Theorem 1. Assume [A]. For each (w,p,s) € D, t € [0,1] and u € C,
Tim Vi (w, ¢, 570) = Vi(w, ¢, s3u), (3.1)
where [nt] is the greatest integer less than or equal to nt.

Here we make the further assumption

[B] E[sup exp(Y(t;0,2))] < Ce® for some C > 0.
0<t<1

Theorem 2. Assume [B|. Foru € C, the function Vy(w, ¢, s;u) is continuous in (t,w, p,s) €
(0,1] x D. Moreover, if h(co) < oo, then Vi(w, p, s;u) converges to Ju(w, ¢, s) uniformly on
any compact subset of D ast | 0, where

— e~ ()
sup u(w + 16—5, ©—, Sefh(oo)w) (h(o0) > 0)
Ju(w, p,s) = ¢ VEDY] h(o0)
sSup u(w + ¢S7 (2 ¢7 S) (h(OO) = O)
¥el0,¢]



Theorem 3. Assume [B]. For each r,t € [0,1] witht+7r <1, (w,¢,s) € D andu € C it
holds that Qt-‘r””u(w’ ¥, S) = Qthu<w7 @, 3)'

Next we consider a sell out condition, which is referred in Section 4 in Kato[11]. We define
some spaces of admissible strategies with the sell out condition as

A = {(1/11 € Ai(p Z?Dl —90}

AC(p) = {(CrreAt /er_ }

Now we define value functions with the sell out condition by

‘/vkn,SO(u)7 0, s U) = sup E[U(Wl?)]v
(WP ) eATSO ()
VSO(w, g, 5:U) = sup  E[U(W,)]
(Cv')'r'eAtSO((p)

for a continuous, nondecreasing and polynomial growth function U : R — R. By Theorem
1, 2, and similar arguments as in Kato[11], we can show the following.

Theorem 4. It follows that V[Zﬂso(w, ©,5:0) — V3w, p,5;U) = Vy(w, p, s;u) asn — oo,
where u(w, ¢, s) = U(w).

Under the assumptions of this paper, we also obtain all the lemmas in Section 7.1 of
Kato[11], except Lemma 1 and Lemma 4. Instead, we have the following lemmas.

Lemma 1. For each m € N there is a constant C' > 0 depending only on b, o0 and m such that

E[Z(s)™] < C(1+ s™), where Z(s) = sup Z(t;0,s).
0<t<1

Lemma 2. Lett € [0,1], ¢ >0, 2z € R, (¢ )o<r<t € Ai(p) and let (X, )o<,r<¢ be given by (2.4)
with Xog = x. Then there is a constant C' > 0 depending only on b and o such that

r 4
E [res[}”??fﬂ XT N XTO " /7“0 g<Cv)dv ]
< Cln =1+ (= [ Blg(6) o) 32)

foreach 0 <rg <r; <t.

Unlike the case where b is bounded, the right hand side of (3.2) depends on (). However,
this makes no essential problem for proving similar results to Kato[11], except the continuity
of the continuous time value function at ¢t = 0 when h(co) = co. Thus we can complete the
proofs of Theorems 1-3 similarly to Kato[11].



4 Example: Geometric OU Process

In this section we consider an example which is our main interest in this paper. Let 3,0 > 0
and F' € R. We set b(z) = B(F — z) and o(x) = o. In this case the solution Y of (2.2) is
called an Ornstein Uhlenbeck process and we can write the explicit form of the log price (X,.),
as

X,=ePr+(1—-eF - e_ﬁ’”/ e g(¢)dv + e‘ﬁT/ e?dB,.
0 0

We notice that the condition [B] is fulfilled.

Then we consider the case where MI is linear and the trader is risk neutral, that is,
g(¢) = a¢ for some a > 0 and u(w, ¢, s) = urn(w, @, s) = w. For brevity we set y = 0/(4.3)
and z = logs — F. We assume z > 2y(> 0) so that the security price goes down to the
fundamental value e as time passes. Note that the trader in a fully liquid market should sell
all the securities at the initial time i.e., the optimal strategy is an initial block liquidation. In
fact, if ¢ is small enough, the trader’s optimal policy is almost the same.

Theorem 5. If ¢ < (2 —2y)/«, then it holds that

1 —e ¥
Vi(w, ¢, $;urn) = w + — s (4.1)

The form of (4.1) 1s the same as in Theorem 8 of Kato[11]. The trader’s (nearly) optimal
strategy is given by C 0 = = @lje(r)/0 with 6 — 0. We call such a strategy an “almost block
liquidation” at the initial time.

When ¢ is not so small, the assertion of the above theorem is not always true. The trader’s
selling accelerates the speed of decrease of the security price, and a quick liquidation is not
always appropriate when we consider the effect of MI. Moreover, if the trader’s execution
makes the price go under e transitorily, the price will recover to e’ by delaying the sale. This
gives a trader an incentive to liquidate gradually. Our purpose in the rest of this section is to
derive a (nearly) optimal execution strategy explicitly.

Let P(z) = e **(1 — awr). Since the function P is strictly decreasing on (—oo,2/a], we can
define its inverse function P! : [—e™%, 00) — (—00,2/a]. Moreover we define the function

H(\) = Hy,(A) on [0,00) by

H(\) = aexp <a6/ (exp(—e*"y)A/a) dr—ozgo—i—z—y) - A,

We assume the following condition

- max{z, 1 + 3}
- :

(4.2)

This condition means that the amount of the trader’s security holdings is large enough. We
see that H is nonincreasing on [0, c0) and (4.2) implies

H (ae™?) <0< H(0).

Then the equation H(A) = 0 has the unique solution \* = X*(¢, ) € (0,c¢™¥). The next
theorem is the main result in this section.



Theorem 6. Lett € (0,1],(w,p,s) € D and assume (4.2). Then
¢
Viw, o, s;umy) = wt— (1 —exp (—aso + aﬁ/ £?fdr>>
« 0
¢
49 [ Gexp (F=ag+ (14 e ) an (4.3
0

where & = P~ exp(—e"y)\* /a).

We can construct a nearly optimal strategy as follows (with § | 0):

R p* . q*
Cf«s = 71[0,6} (r)+ ¢+ Fl[t—(s,t} (1), (4.4)

where p* = &) + (z — 2y) /o and

¢ = pery 2NETyep(al; —eTy) | 2By o
" " a?(agr —2) a

L 2Bye

- Tk —agy

' <Y 2
¢ = =8 [ gir-g -2+ lasem,
0

«

Here the second equality of the definition of ¢* comes from P(£}) = exp(—e ?"y) x \*/a.. By
the inequalities (4.2), z > 2y, and 0 < £ < &) < 1/a, we see that p*, * and ¢* are all positive.

The strategy (C°), consists of three terms. The first term in the right hand side of (4.4)
corresponds to “initial (almost) block liquidation.” The trader should sell p* shares of a
security at the initial time by dividing infinitely to avoid a decrease in the proceeds. The
second term means “gradual liquidation.” The trader executes the selling gradually until the
time horizon. The speed of his/her execution becomes slower as time passes. Then the trader
completes liquidation by selling the rest of the shares by “terminal (almost) block liquidation”
as the final third term. So the nearly optimal strategy is a mixture of both block liquidation
and gradual liquidation, and especially we point out that the gradual liquidation is necessary
in this case. Figure 1 expresses the image of an optimal strategy of the trader. Using these
notations, we can rewrite the value function (4.3) as the sum of an initial cash amount and
proceeds of initial/intermediate/terminal liquidation:

Vi(w, ¢, 55 urN)
1 — e

t
= W+ ———5+ s/ e~ (dnt + BEdr) +
0

«

1—e™

se” (4.5)

where 1 = & — (1+ e ?)y/a+ z/a.

Here we consider the special case of 0 = 0 for a while. In this case the form of the value
function and its nearly optimal strategy becomes simple and we can weaken the assumption
(4.2) to ¢ > z/a. We define the function C(p) = C; ,(p), * € R, by

Crpo(p) = e "Hyy(aP(zp - z/a))/a
= exp(a(tb+1)p—ap —tfz)+ap—z—1.
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Almost block liquidation

Gradual liquidation
/(not constant speed)

e,

(=g (e
1 d

Figure 1: The form of a nearly optimal strategy (¢?), (the upper graph) and the corresponding
process of the amount of the security holdings (the lower graph) when o > 0. Horizontal axis
is the time 7.

Since C(p) is strictly increasing and C(z/a) < 0 < C((p —z/a)/(1+ (t)), the equation
C(p) = 0 has a unique solution p* = p*(¢,¢) € (¢ — z/a, (¢ — z/a)/(1 + (t)). We have the
following.

Corollary 1. Lett € (0,1}, (w,p,s) € D and assume ¢ > z/a. Then it holds that

1 — e—alp™+d") .
‘/t(wa ¥, 55 URN) =w+———s+tse”? C*7 (46)
o

where (* = (*(t, ) and ¢* = q*(t,p) are given by

=0 —z/a), ¢=p—p —1t".

We see easily that p*, (", ¢* > 0. A nearly optimal strategy is
i 4
GS — 71[075] (T‘) + tC + fl[t_&ﬂ(r)'

In this case we also decompose a nearly optimal strategy into three parts: initial (almost)
block liquidation, gradual liquidation, and terminal (almost) block liquidation. Moreover the
speed of the gradual liquidation (* is constant. The image of their form is in Figure 2. In
fact, the security price is equal to se " and is also constant on (8,1 — ¢).

This result is quite similar to Alfonsi et al.[1] and Obizhaeva and Wang[13], despite the
fact that there is a little difference between their models and ours. We consider the geometric
OU process for a security price. On the other hand Alfonsi et al.[1] and Obizhaeva and
Wang[13] assumed that the process of a security price follows arithmetic Brownian motion
(or a martingale) and there is exponential (or some more general shape of) resilience for MI
in LOB model. The relation between the mean reverting property of an OU process and the
resilience of MI causes the similarity of results.

5 A Note on Price Manipulation

In a viable execution model, the absence of price manipulation should be guaranteed and
an optimal strategy should always be nonnegative (i.e., a selling strategy should not include

8



ﬁ .% Almost block liquidation

Gradual liquidation
(constant speed)

e,
J
=

(=g (e
1 d

Figure 2: The forms of a nearly optimal strategy (¢°), (the upper graph) and the corresponding
process of the amount of the security holdings (the lower graph) when o = 0. Horizontal axis
is the time 7.

purchasing.) The conditions for viability in a LOB model are studied in Alfonsi and Schied[2],
Alfonsi et al.[3], Gatheral[6], Gatheral et al.[7], Huberman and Stanzl[9] and others.

In this section we extend the definition of admissible strategies of our model to permit
purchasing and consider the possibility of a price manipulation strategy. We consider the
following optimization problem

‘/tex(w790a3;uRN) = sup E[Wt]> (51)
(Cr)r€AT*(0)

where A7*(p) is the set of “real valued” progressively measurable processes (¢,), such that

t
/ (-dr < ¢. We note that this extended value function is not always derived from corre-
0

sponding discrete time value functions, since our convergence theorem (Theorem 1) is based
on the assumption that an execution strategy takes nonnegative values.

In fact, the assumption (4.2) is needed only to guarantee p*,(’,¢* > 0 and the proof of
Theorem 6 itself also works without (4.2). Let (C°), be given by (4.4) and let (W?), be the
corresponding process of the cash amount. The proof of Theorem 6 in Section 7.2 implies that

‘/tex(wv ¥, S; URN) Z (lsln(l) E[Wté] = lim sSup Vmex(w? ®, S; uRN)a

oo [nt]
where V[Z;;X(w, ©, 8;urN) is defined similarly to V™ (w, ¢, s; urn). Then we have the following,.

Theorem 7. Assume z > 2y. Then for each p € R the function V™ (w, , s;urn) is not less
than the right hand side of (4.5).

We remark that the equation H(\) = 0 has the unique solution

A e (O,aeyP (ﬁ)) (5.2)

even if p < z/a. In this case p*, (¢ and ¢* are not always positive.
As a special case of (5.1), we consider the value function V,™(0,0, s; urn). Following Hu-
berman and Stanzl[9], we call an admissible strategy ((.), € Ay*(0) a round trip and we define

9



a price manipulation strategy as a round trip such that the corresponding expected profit at
the time horizon is positive. The following theorem indicates that we can construct a price

manipulation strategy when the initial security price s is much larger than the fundamental

value e

Theorem 8. For large enough z there is a price manipulation strategy.

Proof. The equation H(\*) = 0 implies

exp (aﬁ /Ot f:dr) =e'7FN\ a.

Then, using Theorem 7 and the relations (5.2) and & < 1/a, we get
‘/;GX(()’ 07 S5 uRN) > (1511% E[Wf]

S

_ 2 {1 — (14 Bt)e?*\* Jar 4 eV ™7 /Ot exp(e "y — aﬁj)dr} > EL(Z)7 (53)

where

Otz
14 5t

L(z)=1—(1+ft+ z)exp (— ) + Bte 1.

Since lim L(z) = 1, the right hand side of (5.3) is not less than zero. Then we see that ((?),

zZ— 00

is a price manipulation strategy for small enough ¢. [ |

In a LOB model, the possibility of price manipulation is varied by small difference among
the frameworks of the models. In Alfonsi and Schied[2], there is no price manipulation strategy
in both linear and nonlinear MI and exponential resilience, but the result of Gatheral[6] asserts
that price manipulation is possible under exponential resilience unless the MI function is
linear. Theorem 8 implies the possibility of price manipulation in our framework, although
the function (5.1) is only a formal generalization of our continuous time value function.

6 Concluding Remarks

In this paper we gave a tiny generalization of the results of Kato[11] and we solved the
optimal execution problem in the case where a security price follows a geometric Ornstein Uh-
lenbeck process. This case is important in the sense that a security price has a mean reverting
property. We showed that a (nearly) optimal strategy is the mixture of initial /terminal block
liquidation and intermediate gradual liquidation when the initial amount of the security hold-
ings is large. When the volatility is equal to zero, our result has the same form as the ones
in Alfonsi et al.[1] and Obizhaeva and Wang[13]. In this case a trader should sell at the same
speed until the time horizon. When the volatility is positive, the speed of gradual liquidation
is not constant and the form of our optimal strategy is similar to the one in Makimoto and
Sugihara[12].

Our example gives us a case where MI causes gradual liquidation. In the real market a
trader sells his/her shares of a security gradually to avoid an MI cost because he/she expects

10



a recovery of the price. As noted in Section 1, examples in Kato[11] also suggest that strictly
convex MI causes a gradual liquidation. Convexity (or nonlinearity) and a price recovery effect
are both important factors in the construction of an MI model.

In Section 5, we considered the optimization problem when the trader is permitted to buy
the security and we showed the possibility of price manipulation. It is important to construct
a viable market model of execution, and it is intended, in future work, to find out conditions
for the nonexistence of price manipulation. To make the arguments in Section 5 strict, we
need to derive the corresponding convergence theorem such as Theorem 1 and this is another
remaining task.

7 Appendix

7.1 Proof of Theorem 5
It is easy to see that Vi(w, ¢, s;urn) = w + e" ¥ f(t) holds, where

[ty = sup  f((G)r), (7.1)

(Cr)reAfet(p)

)
F(G)) = /Ot ¢ exp <e‘ﬁ’”z —e Py — e P /OT eﬁvgdv) dr.

So it suffices to consider the maximization problem (7.1).
By a straightforward calculation, we get

1—e %

f(t) > (1;13% FUCH),) = Tezfy‘

Moreover, for any (¢,.), € A% (p) we have
t
F((G)r) < / Grexp (€772 — ey —ae™ ) dr,
0

where 7, = / Cvdv. From the relation z — 2y > ap > an,, we have
0

{z—y—an}—{e"z—e "y —aec "y}
= (1-eME-1+e™y—an) >0

Thus
1 — e ¥

f((Cr)r) < /0 exp(z —y — an,.)dn, < Tez—y_

Then f(t) < (1 — e *)e*7¥/a and this completes the proof of Theorem 5.

11



7.2 Proof of Theorem 6

In this section we present the proof of Theorem 6. It follows the outline of Alfonsi et al.

[1].
We fix w, ¢, s for a while. For brevity we assume ¢t = 1 until the end of this section. We
define a function f"(n) by

) = L s W), (7.2)

O (1) e AT ()

where A7 () is the set of admissible strategies in A () which are deterministic (we also
define A% () similarly),

”()

k—1 (k+1)/n
= aZexp y— Py — aZcﬁ : / nxyexp(—a(nr — k)xy)dr
1= k/n
n—1 k—1
= exp (cﬁz —*Fy —a Z cﬁlxl> (1 —e ), z=(xg,...,2p_1) €ER"
k=0 1=0
and ¢, = e %", Since the function f"(l‘o, ..., Tp_1) is nondecreasing in z,,_;, we can replace

AP (o) in (7.2) with A5 (p). We have the following proposition.
Proposition 1. [t holds that w + eV f*(n) — Vi(w,p,s;u) with n — co.

Proof. Let f*(n) = e " ¥(V™*(w, ¢, s;u) — w). We easily have f"(n) < f"(n) and Theorem 1
implies Vi (w, p, s;u) < w + e ¥ liminf f"(n). On the other hand, by the same arguments as
in the proof of Proposition 2 of Kato[11], we can show the inequality w + e lim sup f"(n) <

n—oo

Vi(w, ¢, s;u). Then we have the assertion. [ |

By the above proposition, we may solve the optimization problem f"(n) (and taking n —
o0) instead of calculating Vi(w, ¢, s;urn) (or f(t)) itself.
Let Z"(p) = {(x0, ..., Zn_1) ER™; 2o+ - + 2,1 = p}. We remark that A}*%°(p) C
!
="(). We set QU (z Z =M, and QU (z) = —zd, + yc2 4+ aQl(z).
m=0
Lemma 3. [t holds that [r)mn Qr(r) — —o0 as|z| — 0o on Z"(p).

.....

Proof. Tt suffices to show that mln Qk( ) — —oo. Take any M > 0. Let z € Z"(p) be

,,,,,

such that gnm Qr(z) > —M. Then we have

:z:k—l—cn:ck,ljt--‘—i—c,’fbxoZ—M, k=0,....,n—1. (7.3)
Substituting the equality x,_1+---+x¢ = ¢ from (7.3) with £ = n— 1 and dividing by 1 —

we have
n—2 n—2—k
M+
< ) 7.4
(3]s ()

k=0 =0

12



By (7.4) and (7.3) with &k = n — 2, we have

(n_ZtkcﬁL> ry, < (1 _1% + 1) (M + o).

l

w

3

i

0

Calculating inductively, we get

Z(ii)%ﬁ(1_1%‘1‘”—2—]6')(M+s0)§an(M+90) (7.5)

k=0 =0

for k=0,...,n —2, where a, = {(1 —¢,)"' +n}.

By (7.3) and (7.5) with £ = 0, we have —M < zy < a, M. Similarly, by (7.3) and (7.5)
with £ = 1, we have —(1 + ¢,Co,)M < 21 < (a, + 1+ ¢,)M. By an inductive calculation
we have |z < C,(M + @),k = 0,...,n — 2 and moreover the relation x € Z"(¢) implies
|zp_1| < Ch(M + ) for some positive constant C,,.

The above arguments tell us that “if a sequence (z™))y C Z"(¢) satisfies A}im mkin
—0Q

Q7 (x™)) # —o0, then (™) y is bounded,” which is the contrapositive of our assertion. Ml
Lemma 4. [t holds that f™(xg, ..., 2p_1) — —00 as |z| — o0 on Z"(p).

Proof. Let A,(p) = e “"?™¥ — ¢ p € R. Then we have

3
—

fn(x) = (e_C"Qﬁfl(w)erCik*l(1—cn) _ e_QZ(ﬂﬁ))
k=0
n—2
S ez—y —e Z*l($) + ZAn(QZ(J}))
k=0

for any x = (2, ..., z,—1) € R". We easily see that the function A, has an upper bound Cj4,,.
Thus

~ ¢V — exp(-min Q@) + Cagn. i Qy(x) = min Q).
" <
fila) < e Y+ An(mkin Qr(x)) + Can(n—1), otherwise.
Since lim A, (p) = —oo, we have the assertion by Lemma 3. [ |
p——00
Lemma 5. For each k =0,...,n— 2, it holds that
J =
a—xkfn(fl}'o, Ce 71'7171)
5 - k
= Cp=—-f"(x0, ..., 20 1) + a(l = c,) exp(—cFy)FP Z Al —cFz/a,
OTp 41 =0
where

_exp(—az) — ¢, exp(—ac,z — (2 — 1)y)

B (x) =

1—¢,

13



Proof. For brevity, set d = cf 2 — ?*y. A straightforward calculation gives

n—1
-« Z ' exp (dg“/) -« cf;_la:l> (1 —e %), (7.6)

Replacing k with £+ 1, we get

k+1
f (:Uo, o ,a;n_l) = aexp (dgcﬂ) _ az Czﬂ—le)
1=0

k-1
-« Z =L exp (d -« Z Kl ) — e )

al’kﬂ

—k+2
1 n—1 k' —1
- _ = k' —k (k) _ k-1 e
Cna ¢y T exp (dn ach xl> (1—e )
[ 1=0
k
+aexp (dﬁf*l) -« Z cﬁ“%) : (7.7)
1=0
By (7.6) and (7.7), we get the assertion. |

We notice that F}' is nonincreasing on Ej’ and we can define the (nonincreasing) inverse
. -1
function F}""" on [0, 00), where

1 log c
El = —o00,—— [ (¢, +1 "
= (oo (w22 )]

Now we define the function H,(\) by

n—2
H,(\) = aexp ( 1—c,) ZF »Hexp(Fy)Na) — ap + 2 — cff”‘”y) -\
k=0

We consider the convergence of H,,. Let v, (z), Ry (z) and G}}(x) be
() = ax+(1+c)ety,
Riw) = [ eplolt -~ et - ),
Gi(z) = Be “(azx+ (2+ cn)cFy — c,Ri(z)).

Moreover we define

exp(aP~(q))

](Q) = _P_I(Q) = O./(Oép_l(q) _2)

and Jp'(q) = — exp(—2c2y) I (exp(—2c¢%y)q)GR(F" ' (¢)). Then we have the following.
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Lemma 6. It holds that

max  sup |n(Fp(z) — P(z) +2e *“c2y) — Gp(z)| — 0, n— o0
k=0,...n=1zecEpnK

for each compact set K C R.

Proof. For brevity we denote ¢, = 1 — ¢,. Using Taylor’s theorem, we get

Fi(z) = ew{1+f—”(1—eénvz<w>)}

= {1 - c,(yp(x) — &Ry (x))}
P(z) — 27}ty + ¢,Gi(x) /.

Thus it holds that
[n(Fi(z) — P(x) +2e7%c}ty) — Gi(x)| < [néa/B — 1] - |G (2)].
Since we have n¢,, — 3 as n — oo and
|GR(x)] < 286> (afz| + o®|af? + 3y + 4y?), (7.8)
we obtain the assertion. |
Let €7(q) = F" "' (q) — P~ (exp(—2¢2Fy)q) + 22y /a.

Lemma 7. [t holds that

() max sup |ef(q) — 0,
=0 Lo<g<m

(i)  _max - sup |nei(q) = Ji(g)] — 0
=0,...,n—1 0<q<M

as n — oo for each M > 0.

Proof. The assertion (i) is a direct consequence of the assertion (ii), so we will prove only (ii).
Take any ¢ € [0, M] and let z}} = Fl?’_l(q). Since F}'(x) is nondecreasing with respect to n
and k for each fixed x, we get . € K, for any n and k, where

P
Ta(l—ef) |

Ky = |Fy (M)
Let RY(z) = FI'(x) — P(z) + 2e7°*c**y. By the relation
P(ay) = 27ty + Ri(a}) = g,
we get
P(a} + 26 y/a) = exp(—2¢3Fy) (g — B (a7)).
Since Lemma 6 implies

. sup |Rp(r)] — 0, n — oo, (7.9)
k=0,...n=1 ge Ky nED

15



we see that exp(—2c¢2*y)(q— RP (x})) > —e *%/2 > —e~? for large enough n and k =0, ..., n—
1, and we get

zp — P~ exp(—2c2y)q) + 2c2Fy/a
= P '(exp(—2c2*y)q) — P~ (exp(—2¢2y)(q — R} (x})))-

Since it follows that

—2¢3% /o < I(q) <0< di](q) <126 /a
q

for each z > —e~*/2/2, we have

In(z} — P~ (exp(—2c2y)q) + 2¢2Fy/a) — J7(q)]

1
< | [ ttexp(-2ey/aa ~ o) don Ry ap) - exp(-22)0)Gi(ah)
0
2e3/2 . 12¢% - -
< InRg(zy) — G ($k>|+_|R (i) - |GE ()]
By Lemma 6, (7.8), and (7.9), we obtain the assertion (ii). |

By Lemma 7, we get the following proposition.
Proposition 2. H, converges to H uniformly on any compact set in R.

By Proposition 2 and the fact that H, is strictly decreasing on [0, 00), we can take n large
enough so that there is a unique solution A" of H,(\) = 0 on (0,2X*). Moreover it follows
that \" converges to A" as n — oo.

We set 1&,’; = 776(;\”), k=0,...,n—1, where

T\ = By (exp(y)A/a) + z/o,
T(\) = F 7 (exp(c? )/\/a) enF T exp(RFVyN/a), k=1,...,n—2,

Tn1(N) = (1-— cn)ZF (exp(cZFy)\/a)

Fﬁle(exp( 2 Dy)r/a) - z/a.

n

Lemma 8. It holds that |7 — p*| + | max |mpk Ciynl + 1" — ¢ — 0 asn — .

,,,,,

Proof. By Lemma 7, we have

,,,,,




for some positive constant C' depending only on «, (3, y, and z, where

J(r.q) = exp(=2¢""y)I(exp(=2¢"y)q)G(r, F(r,q)),
G(r,x) = fe (ax+ 3e Ty — (ax + 27 27y)?/2),
F(r,q) = P~ '(exp(—e*"y)q) —2¢""y/a

and g, (respectively, &,) is the left hand side of Lemma 7(i) (respectively, (ii).) Since J is
continuous on [0, 1] x [0, 00), we get the assertion. |

Lemma 8 and the relations p*, (", ¢* > 0 imply the following lemma.

Lemma 9. It holds that zﬁ,ﬁ >0, k=0,...,n—1 for large enough n.

Now we define an (n + 1)-variable function £, (zo,...,Z,—1,A) by

En(-r()y s axn—la)\) = fn(flfm s 7:En—1) + )\(SO —Xo— " — xn—l)-

Then we have the following.

Lemma 10. When n is large enough, the vector (1@6‘, ceey AZ_I, 5\”) 15 the unique solution of
0 0 0
L, == L,=—L,=0. 7.10
(%0 8$n_1 O\ ( )

Proof. Suppose that a vector (Zo, ..., ZT,-1,A) is a solution of (7.10). Then we have Zo+ - -+
Tn—1 = ¢ and Lemma 5 implies

k

A=+ a(l = ¢,) exp(—cFy) Fr (Z Ay — ciz/a) :
1=0

thus

k
e = F exp(cy)h o) + dhzfas k=0..n -2, (711)
=0

Then we see that & = 7;(\), £k =0,...,n — 1. Then we have

0 = 9 Lo(Zo,. .. En, A)

al‘n—l

n—1

= wexp (cﬁ‘lz — Ay Z cz_l_l:il> —\=H,(\).

=0

Since \" is the unique solution of H,(\) = 0, we have A = \". This equality also imples
Tp = Te(\") = ¢, k = 0,...,n — 1. Thus the solution of (7.10) is unique. The above
arguments also tell us that (¢, ... ¢, _;, \") satisfies (7.10). [

» Yn—19

Now we have the following proposition.
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Proposition 3. It holds that f*(n) = f*({2, ..., " ,)/a for enough large n.

Proof. By Lemma 4, we can find M > 0 large enough so that f"(x) < 0 holds for z €
="(p) with |#| > M. Then f™ has at least one local maximum point on (—M, M)" (7 =

(Zo, - -+, @n-1), say.) By the Lagrange multiplier method, we see that there is some A € R such
that (7.10) holds at (%, A). Then Lemma 10 implies 7 = ¢} for k = 0,...,n — 1. This means
that (z@l, . @ZA)n_l) is the unique local maximum, which is inevitably the global maximum of

f"onu(). |

Now we prove Theorem 6. We divide f" (1/;3 o ,¢Z—1) into the following three parts:
fn(wg,...,i/)z_l) = ez_y(l _e—awg)
—i—Zexp (c z— c%y Q
1=0
2 ~
o ( el ly—aZcZ - ’m) (1= o)

= A, +B,+0C,.

k-1

k=l ) 1—6_0”2’2)

By Lemma 8, we easily get
A, — V(1 —e ), n— oo (7.12)
Using the relation (7.11) and Lemmas 7-8, we have

C, = exp ((cﬁf1 — )z =y — Oéan’:Ql(eXP(Ci(nfl)y)j\n/a»

x(1— e_m’z’z—l)
— exp (e Py — aP ! (exp(e y)A*/a)) (1 — e 7))
= Ve (1l —e ). (7.13)

To calculate the limit of Bn we set

Q * *
B, = g exXp (Ciky - Oéfk/n) Ck/n
Then we have

n—2 n—2
’Bn _Bn| < GZ{ )efazbg _efaﬁfg/n/n +Z 1

k=1 k=1

. ady
eiack/n/n — &
n

}

Q n,— An *
+237 Jexp(—e2ty — aF ™ (exp(cy) A /a) — exp(cly — agi,)
k=

— 0, n— o0 (7.14)
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by virtue of (7.11) and Lemmas 7-8. Moreover we have

1 1
A * d
lim B, = a/ exp(e Ty — af)Cdr = Ozez_y/ e Y (ﬁf;f + —n:) dr
0 0

n—oo dr

1
= aﬁez_y/ e_a":S:dr + ez_y(e_o‘p* — e_o‘"f). (7.15)
0

By (7.12)(7.15), we see that w + e*Y(A, + B, + C,,) converges to the right hand side of
(4.5). Then we obtain the assertion by Proposition 1.
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