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ABSTRACT. We consider an inverse problem of determining a spatially varying factor
in a source term in a nonstationary linearized Navier-Stokes equations by observa-
tion data in an arbitrarily fixed sub-domain over some time interval. We prove the
Lipschitz stability provided that the t-dependent factor satisfies a non-degeneracy
condition. Our proof based on a new Carleman estimate for the Navier-Stokes equa-
tions.

§1. Introduction and the main result.
In a bounded domain Q C R? with smooth boundary, we consider the linearized

Navier-Stokes equations for an incompressible viscous fluid flow:

0w —vAv+ (A -Vv+ (v-V)B+Vp=F(z,t) inQ=Qx(0,T), (1.1)

divv=0 in @ (1.2)

Typeset by ApS-TEX
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and
v=20 on X =Qx(0,7). (1.3)

Here v = (vy,v2,v3)T, - denotes the transpose of matrices, v > 0 is a constant

describing the viscosity, and for simplicity we assume that the density is one. Let

6t = %7 87 = %7 j = 172737 A= Z?:l 8]2; V= (81782783)Ta

T
3 3 3
(w . V)U = ijajvl,ijajvg,ijajvg
j=1 j=1 j=1
for v = (v1,v2,v3)T and w = (wy, ws, w3)T. Henceforth let n be the outward unit
normal vector to 99 and let 9% = Vu-n. Moreover let v = (v1,72,73) € (NU{0})3,

9y = 0]'03°93® and |y| = v1 + 72 + 73. Throughout this paper, we assume
A e W0, T; W»(Q)), BeW»>(0,T; W>®(Q)). (1.4)

Physically v denotes the velocity field of the incompressible fluid and by R(z,t) f(x)
we will model the density of external force causing the movement of the fluid. In

this paper, we consider:

R(z,t) = (ri(z,t), r2(x, 1), 73(z, )7,
f=flz), r; =r;j(z,t), j=1,2,3: real-valued. (1.5)

In the forward problem we are required to discuss the unique existence of solutions in
suitable spaces to (1.1) - (1.3) with initial condition for a given external source term
Rf and there are a vast amount of works (e.g., Ladyzhenskaya [36], Temam [41] and
the references therein). The forward problem is important, but any practical studies
of the forward problem can be started only after suitable modeling of physical
parameters such as the viscosity v, the force term Rf. The inverse source problems
are concerned with such modeling. In our inverse problem, we mainly discuss the

determination of a spatially varying function f(z) for given R(z,t).
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Inverse Source Problem. Let w C Q be an arbitrarily given non-empty sub-
domain, 0 < 0 < T, and the velocity field v satisfy (1.1) - (1.3). Then determine
f(z) by observation data (v|yx 0,1y, v(-,0)|w)-

Despite of many practical applications, the inverse problems of this type for
the Navier-Stokes equations have been not studied intensively. As the relevant
results, we refer to Choulli, Imanuvilov and Yamamoto [8], Fan, Di Cristo, Jiang
and Nakamura [9], Fan, Jiang and Nakamura [10], Imanuvilov and Yamamoto [21].

Our main achievement is the Lipschitz stability with an arbitrary sub-domain
w. On the other hand, in the existing paper [8] - [10] and [21], one has to assume
that dw D 011, that is, w is a neighbourhood of 9€). Such a geometric constraint is
unnatural for the equation of parabolic type. In fact, in the corresponding inverse
parabolic problem (e.g., Imanuvilov and Yamamoto [20], Yamamoto [43]), we need
not any geometric constraints for w.

We note that in our paper as well as [8], [9], [10], we do not assume any data
of the pressure field p. If we assume the data p(z,0), x € Q, then we can argue
similarly to [20] for a more general inverse problem of determining a vector-valued
function f(z) in Rf with suitable 3 x 3 matrix R(x,t), while in this paper, we study
only the case where unknown f is real-valued.

As for different types of inverse problems for the Navier-Stokes equations, see
Prilepko, Orlovsky and Vasin [40] and the references therein. In [40], the authors
discuss inverse problems by final overdetermining observation data u(z,T), x € .

We introduce the following spaces:
(( H>'(Q) = {w; dyw, 8w € (L*(Q))°, |v] < 2},

(T2 3
H =T{o= (o1, 02,03) € (Coo ()% divo =0~

|V =HnN(H)Q))>.
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Here and henceforth A x B denotes the exterior product of vectors A, B € R3:
A X B = (AyB3 — A3Bs, A3By — A1 B3, A1 By — A3 B1)T, and [a]), denotes the k-th
component of a vector a.

By Fursikov and Imanuvilov [13], Imanuvilov [15], we see that there exists a
function n € C?() satisfying (i) or (ii):

(i) Case Int(w N o) = O:
nea =0, 7n>0inQ, |Vnz)>0 onQ\w. (1.6)
(ii) Case where Ow N JS) contains a non-empty relatively open sub-set I' of 0Q:
Vn(z)| >0 onQ, 7>0inQ,

? < 0and 7 =0 on 00N\ I'; with some open set I'y CCT". (1.7)
n

We are ready to state our main result.

Theorem 1. Let w be an arbitrary non-empty sub-domain of Q. Let 0 < 6 < T,

and let R(x,t) = (r1(x,t),ro(z,t),r3(z, )T satisfy
R(-,0) € C%(Q), & ReL®Q),j=0,1,2 (1.8)

and let f € H} ().

(i) Let Int(w N o) = 0. We assume (1.6) and
R(z,0) x Vn(z) #0, z € Q\ w. (1.9)

Then there exists a constant C' = C(2,T,0, R) > 0 such that for all v satisfying

(1.1) - (1.3) and &lv € L*(0,T;V) N H>Y(Q) with j = 0,1,2,

1 fllz2) < CUvlla2 0,701 () + |Totv (-, 0) || m2(0) + [|[v(-, )| 71 (02)) (1.10)
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provided that f|, = 0.
(ii) Let OwNOY contain a non-empty relatively open sub-set I' of Q2. We assume
(1.7) and

R(z,0) x Vn(x) #0, xz €. (1.11)
Then estimate (1.10) holds true.

Example. Let Q = {z € R3; p; < |z| < p2} with 0 < p; < p2 and w = {z €
R3; po — 81 < |z| < p2 — p2} where 01,02 > 0 are sufficiently small and &; > J.

Then we can directly verify that the function

n(x) = (3" — |&[*™)(|2*™ = pi™)

with any positive d; and Jq, satisfies (1.6) if m € N is sufficiently large.

In fact, we have
V() = 2ma|z*" 72 (p™ + p3™ — 2[2|*™)

and (@)21m > |x| > pp implies |Vn(z)| > 0. Since lim,,_, (M)% =
p2 by pa > p1, we see that for small 41,9 > 0, we can choose large m € N such
that |Vn(z)| > 0if z € Q\ w.

If x x R(z,0) # 0, z € Q, then (1.9) hold true.

For determination of f, we have to assume the non-degeneracy condition on
R given by (1.9) or (1.11). By Cases (i) and (ii), we see that if we can assume
flw = 0, then we can prove the Lipschitz stability without any geometric constraints
concerning w. Since in Case (i) it may happen that Vn(z) = 0 for some point
Z € w, we can not prove the stability in the inverse problem for general w and f not
vanishing in w. In case (ii) where w is an open set near 0f2, then, without assumption

flo =0, we can prove the same Lipschitz stability result under condition (1.11).
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In Theorem 1, we note that § > 0. If § = 0, then our inverse problem is exactly
an inverse problem to the forward problem, that is, the initial/ boundary value
problem. However the corresponding inverse problem for a parabolic equation is
open in the case of § = 0 (cf. Isakov [28], [29]), and also our inverse problem with

0 = 0 is an open problem.

Our main approach is based on Bukhgeim and Klibanov [7] which introduced a
methodology based on Carleman estimates to inverse problems (also see Isakov [27],
Klibanov [33], [34]). The key Carleman estimate is Theorem 2 in section 2, which
is derived by Imanuvilov, Puel and Yamamoto [19]. Our proof is by Imanuvilov

and Yamamoto [20] which modified the method in [7].

As for similar inverse problems, we refer to the following works: Amirov and
Yamamoto [1], Baudouin and Puel [2], Bellassoued [3], [4], Bellassoued and Ya-
mamoto [5], Bukhgeim [6], Imanuvilov, Isakov and Yamamoto [17], Imanuvilov and
Yamamoto [22] - [26], Isakov [27] - [29], Isakov and Yamamoto [30], Khaidarov [31],
[32], Klibanov and Timonov [35], Li [37], Li and Yamamoto [38], Yamamoto [42],
[43]. This list is far from the complete and the readers can consult the references

therein.

Our proof is based on a Carleman estimate for the Navier-Stokes equations. It is
different from one obtained for example in Fernandez-Cara, Guerrero, Imanuvilov
and Puel [11], [12]. As for Carleman estimates, see further Fursikov and Imanuvilov

[13], Hormander [14], Imanuvilov [16].

The rest part of this paper is composed of two sections. In section 2, we prove a
Carleman estimate for the Navier-Stokes equations which may be an independent

interest. In section 3, we complete the proof of our main result.
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§2. Key Carleman estimate.

Let ¢ € C*°[0, T satisfy

(((t) >0, 0<t<T,
t, 0<t<Z,
o) = { X (2.1)
T —t, 3T <t<T,
L 46) > (1), Ve (0.7)\ {6}
We set Q, = w x (0,T),
6)\77(33) 6)\’)’](5(?) _ e2>\“77||co(5)
90('7:7@ - W? Oé(i]j‘,t) - gg(t) : (22)

We further set H2'3 (%) = H1(0,T; L2(9Q)) N L2(0,T; Hz (8Q)). Hence C,C; de-
note generic positive constants which are dependent on €2, T', R, , A but independent

of s. Our Carleman estimate can be stated:

Theorem 2. Letn € C?(Q) satisfy (1.6) or (1.7). Let F € L*(0,T; H), v(-,0) € V
and let v € L*(0,T; V)N H?*1(Q) satisfy (1.1) - (1.3). Then there exists a constant
X such that for any A > X there exist constants C > 0 and 3> 0 independent of s

such that

S l l 1e% S« S
[(Vv)e**||L2(q) + 5202 (rotv)e™ || L2(q) + [[seve®® || r2q) < C(|Fe™| 12 (q)

11 11
+lls2 o2 (rotv)e*|[L2(qu) + Ispve™|[L2qu) + 5202 (Vv)e™ 2 qu))

for all s > 5.
In order to prove Theorem 2, we show the following lemmata.

Lemma 1 ([18]). Let n € C?(Q) satisfy (1.6) or (1.7). Let y € HY(Q) satisfy

3
Ay:f+zajfj nQ, y=g on 0N
j=1
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with f, f; € L*(2) and g € Hz(8Q), suppg C OQ\Ty. Then there exist a constant

C > 0, independent of s and X\, and parameters X and 3 such that for any A\ > h)

and s >,

1 A7 1 1 B r
[, (Grow e sxee ) e IMC(S Ll g, eI e

3
" 1
+ Z/ e’\”|fj|26288Md:L' +/ <—|Vy|2 + S>\262’\”|y|2> ezsemdx) (2.3)
s

Lemma 2 ([19]). Letn € C?(Q) satisfy (1.6) or (1.7). Lety € L?(0,T; H'(Q)) N

HY0,T; H-Y(2)) satisfy

3 3
Oy — Dy + > b, )05y + Y 9;(c;(w, t)y) + d(x, t)y

j=1 j=1
3
:f + Zajfj mn Q,
j=1
y=g on
with bj,c;,d € L>=(Q), f,f; € L*(Q) and g € H%’i(Z). Then there exists a

constant A such that for any X\ > X there exist constants C > 0 and § = s(A),

independent of s, such that

1
/ (—|Vy|2 + 890|y|2) e25*dxdt
Q \5¥
-1 2 1 2 2sa
<Cls2 + [ 5 lfIfe™* dxdt
L2(%) Q S°P

3
—i—Z/ |fj|26230‘da:dt+/ 390|y|262s°‘dxdt> (2.4)

j:]_ Q Qw

for all s > 5.

1
S 2

pTgese

‘ 2

g ges

11
H2 1 (%)

Here and henceforth we set

”gHH%’i(Z) = HgHLQ(O,T,H%(aﬂ)) + HgHHi(O,T,Lz(aﬁ))
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Remark. The estimates (2.3) and (2.4) are proved in [18] and [19] under as-
sumption (1.6). However the proof is performed locally, using a partition of unity
{ej}g\él. Let us choose a partition of unity such that if suppe; N Ty # (), then
dist(suppej, dw \ Q) > 0. In the case of suppe; N Ty # 0, for the function e;y,
we use the standard energy estimate for the parabolic or elliptic equations. In the
case of suppe; N 'y = 0, we directly apply the Carleman estimates established in

18] and [19].

Proof. Set z =rotwv. Then, noting that rotrot v = —Av by dive = 0, we have
( Lz=0z—vAz+ (A-V)z

3 3
=rot F' — ZVAj X 0jv — Zij X 0;B — (v-V)rot B,
j=1 j=1

Av = —rotz in Q.

Let x be a smooth function such that x|o\,, = 1 and supp x N Ty = 0. Then

L(xz) =[x, L]z + x | rot F — zS:VAj X 0;v — XB:VUj x 0;B — (v-V)rot B
Fl Fl (2.5)
To equation (2.5), we apply the Carleman estimate stated in Lemma 2.
Indeed, by (1.4), we have (0xA;)(0jvm) = 0;((OxA;j)vm) — (0;0kA;)vm, etc., we
rewrite the right-hand side of the first equation in (2.5) by the form f+ Z?Zl 0;f;.

Applying (2.4), for all sufficiently large s we have

T T
s/ g0|z|26280‘dxdt:s/ / gp|xz|2623adxdt+s// olxz*e***dxdt
Q Q\w J0 wJ0

sc<s—%r|w-izemu;%,i +572 o7 5 2e% 3oz,

(21)

—|—/ \v|26250‘dxdt+/ ]F\QeZSC"dxdt+/ 5g0|z\26250‘dxdt>
Q Q

< C’(s‘é

+/ \v|26280‘d:cdt+/ ]F\262sadxdt+/ 5¢\V0|2623ad1‘dt> (2.6)
Q Q

w

L2(%y)
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where X1 = [0,7] x (supp x N Of2).

Here we used that v|pn = 0, and z|y is given by only %b.

To equations A(xv) = —xrot z + [x, A]v in @ and xv|sq = 0, we apply estimate
(2.3). Therefore, fixing A > 0 sufficiently large, for all s > s and all ¢ from the

interval (0,7") we have
3/ 62’\"(m)|fu(m,t)|26286kn(x)dx
Q
<C (/ eAn(q:)lz(x,t)|26256)\n(m)dx+/(|vv(x7t)|2 +SeZAn(aﬁ)|,U(x,t)|2)€255>\n(z)dm> .
Q w

Dividing both sides of the above inequality by ¢8(¢) and using e**1(®) > M(@) in

Q, we have that for all s > 5 and ¢ from interval (0,7)

S/ gO(I,t)|U(I’,t)|2€2se/\n(z)dx < C(/ gO(.I‘,t)‘Z(CC,t”Z@ZSe)\n(I)dx
Q Q

1 2 8 2 2\ 2ser(®)
# [ (7o 0P + 5805 @ o 0P ) d:c>. @7)

Let s > s1 = Smaxg<;<7 £3(t). Then egs(t) > 5 for 0 <t <T. Hence substituting

S

£3(1)

instead of s in (2.7), we obtain

eAn(z)

eAn(z)
SL/ gp(x,t)\v(x,t)FeQS S0 dr < C /gp(x,t)]z(:l:,t)|2628 30 dg
(1) Jo Q

eAn(x)

1 s
+ / <es<t>|w<x,t>12+s¢2<m,t>\v<x,t>\2) ST dx>, 0<t<T.

2(Iml

. —23700(5)
Multiply e #®» and we have

83 / (p(gj,t)l’u(gj’t)’2625a(:r,t)dgj <C (/ (p(x,t)‘z(x,t)|2625a(x,t)dx
(1) Jo 0

1
-l-/ <€8(t) \Vo(z, ) + sgoz(x,t)|v(a:,t)|2) 625a(w,t)dw> L 0<t<T

for all sufficiently large positive s. Integrating over ¢ € [0, 7], we have

1
21,,12 25 2 2sa
s | @ lv|fe**dadt < sC’l/ plv|fe**“dzdt
/Q Q 68(1&)

<Cy (/ cp(x,t)|z(a:,t)|2625adacdt+/ (| Vo]? + sg02|v|2)628adxdt)
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for all sufficiently large positive s. Therefore, combining (2.6) and (2.8) and ab-

sorbing the terms with lower powers of s into the left-hand side, we have

/ (sp|rot v|? 4 s2p?|v]?)e** dadt
Q

-1 —1 v s ? -1 -1 v s 2 2 2s«
<Cs|s z|p *—e +s72|lp 8 —e + [ |F|*e***dxdt
on H31(5)) on L2(zy)  JQ
—|—/ (sp|rot v|? 4 s*p?|v]? + sg0|Vv\2)62mdxdt> (2.9)
Qu

for all large s > 0. Here and henceforth, noting that n = 0 on 902\ I'; in both cases
(1.6) and (1.7), we have

R 1 _ 62)‘”77”00(5)
alz,t) =a(t) = =) , €\ I.

We need to estimate the first and the second terms on the right-hand side of

(2.9). We set
Wit 2) = (t)olt, 2)e O, r(t,z) = (E)p(t 2)e .

Then we have

(OW — VAW + (A- V)W + (W - V)B + Vr = (e’ F + ('ve®® + (5@’ e*%v,

diviW =0 in@, W=0 onl,

W(,0)=0 in Q.

\

(2.10)

On the other hand,

Lemma 3. Let F € L?(0,T; H) and Zy € V.. Then for the boundary value problem

(0 Z —VvAZ+ (A-N)Z+(Z-V)B+Vr=F inQ,

divZ =0 in Q, / r(t,x)dx =0, vt € (0,T),
Q
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there exists a unique solution Z € HY2(Q) such that
12121 @) + Irllz2 0,01 (92) < CalllZollar @) + 1 FlL2(@)-

We can prove the lemma similarly to Proposition 1.2 (pp.267-268) in Temam
[41] where A = B = 0 is assumed.

We note that

-~ o ~ o 2\ —. o
lsde®®v = —80 ase® v = 8(' (e o) — 1)spve®® on X
and

[0sa’e*%v| < Cys|pve’®| on . (2.11)

Applying Lemma 3 in (2.10), in view of (2.11) and «(t,z) > a(t) for (z,t) € Q by

n]q > 0, we obtain

IWllzz1Q) + ITllL20,1501 ()

<Cs([|e**F || 12(q) + lIspve*® | 12(q)) < Co([le** F|l12(q) + |Iseve™® | 12(q))-

By Theorem 2.1 (p.9) in Lions and Magenes [39], we have

ow
O < C7||W [ m2a
H on o (p) (Q)
and so
ow . o
Ha_n o S Gs([Fe|[r2 @) + lIspve™ | r2q))- (2.12)
H2'41 (%)
Estimate (2.12) yields
ng_i@esa _ |00 s
on HE 1 (s) In HZ (%))
ch fa—W < Clo ow
on H31(5)) on PEETON

<C11(||[Fe*| 2 q) + llspve®® || L2(q))- (2.13)
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Moreover
gz, Bl -
an LQ(El) an LQ(El) an LQ(El)
<Cra2(|[Fe* || L2(q) + [[spve® || L2(q))- (2.14)

Choosing s > 0 large, in view of (2.13) and (2.14), we can absorb the first and the
second terms on the right-hand side of (2.9) into the left-hand side.
Finally we have to estimate [|(Vv)e®®| 12(g). Since —A = rotrot — Vdiv and

divev = 0, we have
—A(ve®®) = rotrot (ve®®) — v - Ve**.

Taking the scalar product of this equation with function ve®® in L?(Q), and applying

|IVa| < Ci3¢ in Q and
/(rot U)-Vdx = / U-(rotV)dz, U,V € Hj(Q)?,
Q

Q

we obtain the estimate

[(70)e*) [32(g) < Cral(x0t v)e* (g + llspve*® 3 g)):

Thus the proof of Theorem 2 is completed. B
We conclude this section with Carleman estimates for a first-order equation. The

proof is done by integration by parts (see e.g. Lemma 3.2 in [26]).

Lemma 4. Let 3 € C%(Q) and
3
(L) (@) =) a;()9; f(x), ze€,
j=1
where a; € C1(Q), 1 < j <3, and let us set

3
pla) =" a;(@)9,8@), = e
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Then there exists a number X > 0 such that for any A > A, we can choose s3 =

s3(\) > 0 satisfying: there exists a constant C = C(2,\) > 0 such that

32/ <u2(a:) — g) ]f\Ze%B(m)da: < C’/ |Lf]2e2sﬁ(x)dx
Q Q

for all s > s3 and all f € H}(Q).

§3. Proof of Theorem 1.

Let us set w; = dyv and wy = 2w. Then

v —vAv+ (A-V)o+ (v-V)B+Vp=Rf

and
Opwy — vAwy + (A - V)wy + (A - Vv + (wy - V)B+ (v- V)0, B
+Voip = (O:R) f
and
Oywy — vAwy + (A - V)wy + 2(0;A - V)wy + (02A-V)v
+(wa - V)B + 2(wy - V), B+ (v-V)0iB + Voip = (0;R) f
and
divv =divw; =divws =0 in @
and

v=w; =wy =0 on Y.

Here and henceforth we set

D = [[v[| g2 (0,311 (w)) + ot v (-, 0) [ mr2(0) + [[v(-5 O)[| 2 (0)- (3.1)
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Therefore applications of Theorem 2 to v, wy,wy yield

/ (Vo] + splrot v]? + s%¢?|v|?)e***dxdt
Q

<Cy (/Q\Rf|262md;cdt+6052>2) (3.2)
and
/Q(va1|2 + siplrot wy |2 + 5262wy [2)e2 dzdt
<C (/Q |(0:R) f|?e***dxdt + e“*D?
+/Q(](8tA-V)v]2+ |(v-V)8tB\2)e2sad:1;dt> (3.3)
and

/ (|Vws|? + sp|rot wa|? + s%¢?|ws|?)e**dxdt < Cy (/ |(02R) f|?e***dxdt + D>
Q Q

—1—/ (|(0, A - V)wi|* + [(02A - V)v|]* + |(wy - V)0, B|* + | (v - V)3t23|2)e28adxdt> :
Q (3.4)

Hence, by (1.4) and (1.8), we apply estimate (3.2) in (3.3) and estimate (3.3) in

(3.4) successively, in order to obtain
2 . . .
/ Z(|8§Vv|2 + sp|d ot v|* + 52?07 v|?)e* Y dxdt
Q =0

<0y (/ | f|?e***dxdt + eCSD2> (3.5)
Q

for all large s > 0. We set 3(z) = a(z,6). Noting that e25*(#:0) = 0 for x € Q, we

have

031/ |8tr0tv(x,9)|26255(x)dxg/gp(:p,9)_1|8trotv(ac,9)|26255(‘”)da:
Q Q

0
:/ % (/ gp(m,t)_1|8tr0tv|2623adt> dx
Q 0

0
:/ / {2071 (Osrot v - Drot v) + 25~ H(Opar) |Osrot v|* + Oy (¢ 1) |Osrot v|? }e?5 ¥ dadt
QJo

§C4/ (|0¢rot v|? + |02rot v|? + sp|drot v|?)e***dxdt.
Q
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Here we used

/
|6ta(a:,t)| = ii((;)) (ekn(m) _ 62)\H77||c0(§)) < 04902(1,’25), (l‘,t) c Q

Hence for all large s > 0 inequality (3.5) implies

/Q |dyrot v(z, 0)|2e®*P @) dx < O (/Q | f|?e** dxdt + €CS'D2) . (3.6)

On the other hand, applying the operator rot to (1.1) and noting

3
rot (A-V)B =Y VA; x9;B+(A-V)rotB

J=1

for A = (A1, As, A3)T and B = (By, B2, B3)T, we have

rot (R(z,0)f(z)) = Orotv(z, 0) — vArotv(z, 0)

+ Z VAj(z,0) x 0ju(x,0) + (A - V)rotv(z, 0)

J=1

3
+3 Vui(z,0) x 9;B(x,0) + (v- V)rot B(x,0), x € Q.

j=1

Therefore
rot (R(x, 0) f(x))|e*? < |rotv(x, )|’ + Cee*PE(x), =€,
where we set

&= Z |[07rot v(-,0) [ L2() + IVU(-, 0)|L2() + lv( D)l L2 ()

[v]<2

Hence for all sufficiently large positive s, inequality (3.6) implies

/Q rot (R(x, 0) f(x))|?e**Pdx < Cy (/Q |0;(rot v)(z, 0)|2e**P da + ecs/ng(x)d:c>

<Cy (/ |fI?e*“dxdt + e (D? + 52)) . (3.7)
Q
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On the other hand, setting R(x,0) = a(x) = (a1(x), az(z), a3(z))T, we have
rot (R(z,0)f(z)) = Vf(x) x a(x) + f(z)rot a(x)
=((a30af — a20sf), (105 f — agdr f), (a201 f — a102f))" + f(x)rot a(x)

=(Lyf, Lof, Lsf)T + ([rot a]L f, [rot a]a f, [rot a]s )7 . (3.8)

We recall that [a], denotes the k-th component of a vector a. Note that

A
0i6 = F7gr

Ang. i =1,2.3
6 Ir]? j 9 9 M
(0) !

Denote that

0 alﬁ by
pi(x)=1| az |- | B | = mekn(aww — a031n),
—ag 033
—as 816 A
HQ(x) = 0 ’ 825 = £8(9) 6/\77(@16377 - a38177)7
ai 335
az 816 A
ps(x) = —ar | - | B | = mem(@am — a10a1),
0 0303

that is,

(1 (@), pa(), pa ()" = wy (V< o).
We prove only for case (i) because the proof in case (ii) is very similar. Applying
Lemma 4 to the first-order differential operators L, Lo, L3 in Q \ @, in view of

flw = 0, we have

2 [ ; (m(w)Q F 1a)? + () £) (@) e

S

<Cuo [ (ot (R0 @) + | @rotate))e e

Therefore (3.7) yields

32/ ()\262>\17’V77 x al? — 3_C9> |f(2)|?e*Pda
O\w

S

T
<Cho (/ / | fI?e***dxdt +/ |f(x)]?e®*Pdx + eCSD2> .
0o Jow NG
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Taking s > 0 sufficiently large, in view of (1.9), we can absorb the second term on

the right-hand side into the left-hand side. Hence

T
32/ f(z)?e**Pdz < C1y / / |fI?e**“dxdt + e“*D? | . (3.9)
Nw o Jo\w

Since a(z,0) = [(x) > a(z,t) for (x,t) € @ by the third condition in (2.1),

inequality (3.9) yields

32/ |f(@)]?e**Fdx < Cny / |f|?e**Pdx + e“5D? | |
N\w O\w

and choosing s > 0 large, we can absorb the first term on the right-hand side into

the left-hand side. Thus the proof in Case (i) is completed. W
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